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1. Introduction

¢De do viene una cosa, que, si fuera
menos veces de mi probada y vista,
segun parece que a razon resista,

a mi sentido mismo no creyera?

(GARCILASO DE LA VEGA

When Garcilaso was writing these lines, he was for sure not thinking about the theme
of this work, but the reader will maybe recognize the parallelism: how difficult it is
to understand the deepest human passions, no matter the times we come across them:;
and how far seem modern physical theories to be away from intuition, even for the ones
familiar with their mathematical formulations. This is well illustrated by the paradigmatic
example of quantum mechanics, and more specifically by its master equation, Schrodinger’s
equation.

In this survey we study the nonlinear Schrédinger equation (NLS). We study the
subject from a purely mathematical point of view. Although we take the chance to expose
several examples in physics where the NLS appears (see [18]), such as laser beam propa-
gation in a medium which index of refraction is sensitive to the wave amplitude, water
waves at the free surface of an ideal fluid, and plasma waves. To be precise, the considered
equation is the elliptic NLS, noting that the differential operator involved is the laplacian.
The elliptic NLS arises also in other contexts. In quantum mechanics, it is obtained in
localizing the potential of the Hartree equation. In chemistry, it appears as a continuous-
limit model for mesoscopic molecular structures.

Our first aim is to understand local-existence theory and long time behavior for the
solutions of the NLS. This theory has been extensively developed by Cazenave [3], Ginibre
[10] and Strauss [16]. In this first part our principal reference has been the book of Linares
and Ponce [13], where they introduce basic results of local-existence, conservation laws and
long-time behavior for the solutions of the initial value problem (IVP)

(1.1)

i0pu(w,t) + Au(x,t) = —A|u(z,t)|* tu, z€R"\tER
u(z,0) = up(z),

for admissible values of n, a, where X takes the values +1, focusing case, or —1, defocusing
case; and where ug belongs to different functional spaces as L?(R") and Sobolev spaces
HF(R™) for some values of k. We also had to study basic properties of the solutions of the
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2 VicTOR ARNAIZ SOLORZANO

linear Schrodinger equation, as well as estimates for the solution operator, in particular
Strichartz type estimates.

The second and most important part of the work is about the article writen by Co-
lliander, Keel, Staffilani, Takaoka and Tao [7]. In this article it is shown global-existence
and scattering for rough solutions of this particular case of the equation ,

(1.2) i0pp(x,t) + Ag(z,t) = |p(x,t)|>p, x € R3 t>0.

In this context, rough means that we are considering solutions of with initial
data ¢(z,0) = ¢o(x) very irregular; more precisely, ¢y is in the Sobolev space H*(R™) for
s < 1. Scattering means that the solutions of the NLS, under certain conditions, behave as
solutions of the linear Schrédinger equation for long-time evolution. This type of solutions
are so called dispersive solutions (see [1§]). In [4], Cazenave proves local-existence for (|1.2)
in H*(R3) for s > 1/2. In [7] they prove global-existence and scattering for solutions with
initial data in H*(R™) for s > 4/5. This is the best result known, but it is not expected
to be optimal. This result may possibly be improved up to s = 1/2, which is the critical
exponent where the H*-norm of the solutions is invariant by rescaling. Some previous
results are those of Ginibre and Velo [I1], where they show scattering in H'(R"); some
works of Bourgain [I], [2], where he proves global existence for s > 11/13 in the general
case, and for s > 5/7 in the case of radially-symmetric solutions; and a previous article of
the authors (of [7]) [8], where they prove global existence for s > 5/6 without scattering.

Now we introduce the main tools we have used. First of all, the Strichartz estimates
have been needed in local-existence proofs. This type of estimates appears for the first time
in works of Strichartz [I7] which were motivated by Stein. Strichartz proves inequalities
of the form
| @y €)de] g < Clglzagen
for some particular ¢ (¢ = |- |2, Schrédinger equation; ¢ = |- |, wave equation). These ine-
qualities are related to restriction problems, in which attention is paid to the boundedness

of operators of the form
R: LYR") — L)

/ - fls,

where S is a surface embedded in R"*!. The adjoint R* is the solution operator (trans-
formed by Fourier) of a certain PDE determined by the surface S considered. In the case
of Schrédinger’s equation, S is the paraboloid (&, |¢|?), while for the wave equation, the
surface is the cone (&, [£]).

Another main tool used in [7] (preceded by some ideas of Bourgain [I], [2]) and success-
fully used in (2000-2005) for its authors, is to introduce an operator of the form I ¢ qu
which acts on the solution ¢ of the problem considered, acting as the identity on the low
frequencies and adding an extra decay on the high frequencies (increasing the regularity
of ¢). This technique allows obtaining almost conservation laws, that is, the laws that
control the energy variation of the quasi-solutions as time increases, and obtaining hidden
information about the original solutions, since these solutions have infinite energy.

The main new contribution in [7] is an improvement of the so called Morawetz esti-
mates, which allows them to estimate the norm L{ (R3,R) of the solutions, a key ingre-
dient in the proof of the global-existence result.

Morawetz estimates are based on the intrinsic geometry of the equation. It is analyzed
the L? mass current which scatters radially with respect to every point of the space. The
average of the radial component of the mass current is named Morawetz action, and it
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is expected to increase if the wave scatters since such behavior involves a broadening
redistribution of the L? mass. For the equation , Lin and Strauss proved that the
repulsion condition A = —1 and the form of the nonlinear potential are sufficient to obtain
that the derivative of the Morawetz action is positive. The improvement introduced in [7]
consist on average the Morawetz action with respect to the L? mass. This new object is
called Morawetz Interaction-Potential, and this allows us to estimate the norm mentioned
above.

At the end of the work we include an appendix with some topics about harmonic
analysis which have been used systematically. These topics are: the Fourier transform,
the Calderon Zygmund theorem, the Hardy-Littlewood-Soboled theorem, the Littlewood-
Paley theory, Sobolev spaces and fractional Leibniz rules.

Remark of notation used.

Given A, B > 0, we'll write A < B meaning that for some universal constant K > 2,
A< K -B. We'll write A~ B when both A < Band B S A.



§2. The Linear Schrodinger Equation

We start by studing the Initial Value Problem (IVP)
Ou = iAu+ F(x,t), x€R" teR,
u(z,0) = ug(z).
We are interested in solving (2.1)) with initial data ug € L?(R™) and in the Sobolev spaces

H*(R™), with s > 0. Moreover, we analyze some properties of the solutions of (2.1)) and
obtain Strichartz type estimates for the solutions.

(2.1)

2.1. Basic Results
We consider the (IVP) for the Free Schrédinger Equation

ou =1iAu, x€€R" teR,
(22) { u(z,0) = uo(x),

To find the solution, we need the following proposition.

Proposition 2.1. Let a # 0 a complex number with Zea > 0, and consider the distribution
emall* e S (R™). Then, the Fourier transform of e=all? s given by

@Y = (5)" e,

a
with /z definided in C\ {Z#ez < 0}.

Proof. We assume first that %Zea > 0, then e~91* € L'(R™). By the definition of the
Fourier transform, we obtain

n
/ 67a|:p‘26727ri(m-§)dx _ H /OO e(_ar?—%rifja:j)dxj
n j=17—0

n 00

= H/ e(_“”§_2”51‘”1'+“25?/a)dxje_”25?/“
jo1Y =00
n

= [ / * o~ (Vaw4imey [Va) gy

=1 oo
v TL/2
_ (g) e~/

4
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where the last equality is given by the following complex calculus, which is justified by the
Cauchy theorem and an argument based on taking the limit on the path of integration.

o (anting/var gy _ L / R _\/?
/Ooe dx NG 7006 dy =

If Zea = 0, then e~I1* ¢ L1(R") and we have to prove the result in the sense of the
temperated distributions, that is to say, given ¢ € . (R™), it must satisfy

(2.3) /n efa‘xﬁ(o\(x)dx = (77)71/2/” 67”2|2|2/ag0(a:)dx.

a

Let 0 < € — 0, then, by the dominated convergence theorem, the left hand side of ([2.3)) is
equal to

lim [ e @ G(0)de = lim/ / e (ol o =2mie ) g o (1)) dy
e—0 R™ e—0 n n
n/2 2. 2
. s -7yl
= lim . <a+€> e ot p(y)dy
and, again by dominated convergence, it follows ([2.3)). O

To solve , taking the Fourier transform in the spatial variable z, we can write
{ Oru(€.t) = D&, 1) = idu(E, 1) = —4m*il¢[*a(S, 1)
(€, 0) = 1o ()-
The solution of this ordinary differential equation is
e, 1) = e 1T 6).
By the proposition it follows that
u(w,t) = (e G (€)Y = (e )Y w g (x)
12
= (Z:ilt)ﬂ:; s up(x) = ePug(z),

where we have introduced the notation e®?, which will be justified soon.

Now we include a list of some solutions of (2.2]) obtained by the invariance properties
of the equation.

Proposition 2.2. If u = u(z,t) is a solution of (2.2)), then
=e%u(x,t), 6 eR fized,

(z,1)
ug(x,t) = u(x — zg,t —tg), with g € R", ty € R fized,
us(z,t) = u(Ax,t), with A any orthogonal matrix n x n,
ug(z,t) = u(x — 2zt t)ei(gﬁ'zo_lwol%), with xg € R™ fized,
us(z,t) = XN 2u(Az, \*t), A € R fized,

iw|z|? r  y+0t i )
= ex u o —wy =
(o + wt)n/2 P 4(a+ wt) a+wt at+wt)’ T

also satisfy the equation (2.2]).
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The next properties of the family of operators {e®#2}9° ___ justify this notation.

Proposition 2.3.
1. For allt € R, e™® : L2(R™) — L2(R™) is an isometry; which implies
12 £ll2 = [1f -
2. MBeit'A — GiHA yith (HA)=1 = o—itA — (gitAyx,
3. e =1.

4. Fizing f € L*(R"™), the function ®; : R — L*(R") defined by ®s(t) = e f is a
continuous function; i.e., it describes a curve in L*(R™).

#AYS  a unitary group of

A1 s also a unitary

These four properties allow us to name the family {e
operators in the Hilbert space L?(R™). Moreover, the family {e
group in H*(R™) for all s € R, since

1" fll s ny = (V)5 (€2 P2 = 1" (V) )l = V) Fll2 = 1| mrs ny-
The other properties follows quickly from this.

Now we establish some properties of the group {e#}52 _ in the LP(R™)-spaces.

Lemma 2.1. Ift # 0, ;1; + ]% =1 and p' € [1,2], then we have e*® : L (R") — LP(R™)
is continuous and

€2 fllp < cft| 2PV £y
Proof. We know, from Proposition that e is an isometry in L2 (R™); that is

it A
12 fllz = [Lf1]2-

By using Young’s inequality, we also have

itA il /4t
1" flloo = Hw*flloo
il-2/at

€ —n
7z leoll Flln < eft] 21 flh-

<| (4mit)

Applying Riesz-Thorin interpolation theorem, we obtain

. , 1 1
e LP(R") — LP(R™), with —+ — =1,
p P
and
it A — —0
€™ Fllp < (cltl ™) 0| £l
where ) 4 ) ) )
—=_andl-f=1->=—-——
p 2 p v p

This completes the proof of the lemma. O
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Finally, we prove the Duhamel’s principle, providing the solution of the IVP (2.1]),
giving by the formula

t
(2.4) w(z, t) = e Pug + / AR tdt,
0

for f € C(R : Z(R™)). In fact, the two summands of the formula above correspond
to the homogenous solution of (2.2) and the non-homogenuous solution with zero data
respectively. So we only have to show that

t
at </ z(t t! )AF ) / atl t 4 )AF( dt/ +/ 8t(€i(t_t/)AF(‘,t,))dt,
0 0
e
= F(x,t) +iA < / ettt MF(-,t’)dt’) ,
0
and we are done.

2.2. Strichartz-type Estimates

The result proved in this section describes the global smoothing properties of the group
{212

Theorem 2.1 ([I3], page 64). The group {2 satisfies:
LA Va
25 (/" 1essigar) ™ < el
1/q 00 , 1/¢'
2o ([ eeonge i) < [T acoma)
—00
and
tA > ! v
(27) 1" et < [~ latongar)
with
2
9<p< L ifn>3
n—2 2 n n

2<p< o ifn=1

where ¢ = ¢(p,n) is a constant that depends only on p and n, and % + 1% = é + % =1.

Proof. First we show that the three inequalities (2.5)), (2.6]) and (2.7]) are equivalent. By
duality, Fubini’s Theorem and Holder’s inequality, we have
fl =1}

II/ e g(-,t)dt||> = sup {‘/ ( Mg(x,t)dt) dz
—sw{| [~ [ @ n@gte.o a1l =1}

o) ) 1/‘1 [ee) , 1/‘1/
sSup{(/_ IIe”AfIIZdt> (/_ ug<-,t>||g,dt> :|er2=1}7
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then (2.5)) implies (2.7). Analogously, we obtain that (2.7) implies (2.5). To show that
(2.6) and (2.7)) are equivalent, we use that

||/ ety dt||2_/Rn </_:eitAg(-,t)dt> (/_Zewg(.,t')dt/>dx
:/n/o;g(x,t) (/ =2 (., t’)dt)dtd:c,

and again duality and Holder’s inequality.
It remains to prove (2.6). By Minkowski’s inequality and Lemma

l / =800 e[, < / [ g )]t

o0 1
<e / g ) |t

—00 ‘t - t/|o¢

with o = (n/2)(1/p’ — 1/p). Now, using this inequality and Theorem (Hardy-
Littlewood-Sobolev) we conclude that

1/q
([ oyt par )
> 1 ’ ’ o ! Ve
<ol [ tglat Oty < [ lac.oigar)

with 1/¢' =1/¢+ (1 —a) and 0 < 1 — «a < 1, that is, n/2 = 2/q + n/p, where

2
2§p<7n2 ifn>3

2<p< o0 ifn=2
2<p<o0 ifn=1

This concludes the proof.
O

A more general statement may be established. The following corollary will be used in
the proof of the local-existence result in the next section.

Corollary 2.1 ([I3], page 66). Let (po,qo), (p1,q1) € R? satisfying the condition (2.8).
Then for all T > 0 we have

T e /¢ T , 1/q4
20 ([ e osgeiiga) <ol [Cleoiga)

with ¢ = ¢(n, po, p1).

Proof. Assume, without loss of generality, that pg € [2,p1). Using inequality (2.6) with
integration indices 0,7 and 0, ¢ instead of —oo, 00 (the proof is completely analogous) we

have
Yo T L\ V4
([0 [ eosgenanga) = <c( [Cenga)
0 P
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Similarly, by using inequality ([2.7)),

t
sup | / =08 g 1)y = sup [ / et B g )|
0,7] [0,7] 0
) T ;o\ V4
—sup | [ (1 Oyl < [ latola)
0,17 Jo 0 E

Now, note that if — = g—k 117;19 then q% = % + 1q;19, since the pairs (po, go) and (p1,q1)
satisfy the condition (2.8)). Then, aplying Holder’s inequality and the previous inequalities
we obtain

1/q0
(/ H / i) >dt|rq°dt)
1/q0
< ([0 [ emge i [0y trari o)
9/‘11 (1-6)/a1
g(/ lg(-t r“dt) (/ | [ o ot )
T y 1q
<[ natonar)

To finish the proof, an argument of duality allows us to write the inequality

T o 1/q T , 1/qp
(/0 H/O ez(tft )Ag(°,t’)dt’|]glldt) <c </0 Hg(',t)HZZdt) :

This yields the result. O



§3. The Nonlinear Schrodinger Equation

In the first part of this section we shall estudy local well-posedness of the nonlinear IVP,

i0pu = —Au — Au|* Lu,
(3.1)

u(z,0) = uo(),

t € R, z € R, where A and « are real constants with o > 1. In particular, we’ll give
a detailed proof of the local-existence result for the cubic NLS equation on R? that we’ll
need in the next section.

We’ll also show classical conservation laws for nonlinear Schrodinger equations. Speci-
fically, we’ll prove L?-norm conservation and energy conservation for solutions in H!.

In the last part of the section, we’ll show some examples of global existence and others
of blow-up that occurs in different cases of nonlinear Schrédinger equations.

3.1. Local Theory

We consider the integral equation (see (2.4)))
. t . /
(3.2) u(t) = By 4 ix / (=12 (oL () dt
0

The difference between this equation and the one in (3.1)) is that this one does not require
any differentiability on the solution. It is easy to see that if u is a solution of the differential

equation (3.1 then it is also a solution of (3.2]).

Definition 3.1. We will say that the integral equation 1s locally well-posed in a
function space X, if for every ug € X there exists a time T > 0 and a unique solution
u e C([0,7);X)n--- of for (z,t) € R™ x [0,T). Moreover, the map uy — u(-,t)
locally defined from X to C([0,T); X) is continuous.

We shall distinguish between the subcritical case, when T' = T'(||ug||x) > 0, and the
critical case, when T' = T'(ug) > 0.

Now we enunciate the subcritical existence theorems in the spaces H' and H? and how
the regularity of the initial data is preserved for the solution. The proofs of these results
are based on the contraction mapping principle. The general theory is described in [13].

10
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Theorem 3.1 ([13], page 99). Let ug € H'(R") and « satisfying

n—+2

a ,

(3.3) n—2
1< a< oo, ifn=1,2.

Then there exist T = T(|luo|| g1 @mny; 1, ;@) > 0 and a unique solution u of the integral
equation (3.2)) in the interval [0,T) with

u e C([0,T) : HY(R™)) N L([0,T) : WHP(R™)),

for all pairs (p,q) defined by condition (2.8)).
Moreover, for all T' < T there exists a neighborhood W of ug in H'(R™) such that the

function
F:W — C([0,T]: H'(R™)) N L4([0,T"] : WLP(R™))
ﬁo — ﬁ(t)
1s Lipschitz.

Theorem 3.2 ([I3], page 103). Let ug € H?*(R™) and assume that the nonlinearity o
satisfies

(3.4)

Then there exist T = T(|luo||g2@mny; 1, A\, @) > 0 and a unique solution u of the integral
equation (3.2)) in the interval of time [0,T) with

u e C([0,T) : HX(R™)) N L4([0,T) : W*P(R™)),

for all pairs (p,q) defined by condition (2.8)).
Moreover, for all T' < T there exists a neighborhood W of ug in H*(R™) such that the

function
F:W — C([0,7]: H'(R™)) N L4([0,T"] : W2P(R™))
ﬁo — ﬁ(t)
1s Lipschitz.

As a consequence of the Theorem we obtain the following relation between the
differential equation (3.1]) and the integral equation (3.2]).

Corollary 3.2 ([I3], page 103). If u is the solution of equation (3.2) obtained in Theorem
then for all pair (p,q) which verifies condition (2.8)) we have

Byu € LI([0,T) : LP(R™)).

Moreover, u is the unique solution of the differential equation in the time interval
[0,7).

These results show us how the regularity of the initial data is preserved with time. Now
we prove a particular result, for the cubic defocusing NLS on R3, of the more general local-
existence theorem proven by Cazenave and Weissler in [4]. This result will be important
in the next section in order to prove global well-posedness.
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Theorem 3.3. Consider the IVP
(3.5) i0ip(x,t) + Ad(x,t) = |o(z, 1) Pp(z,t), z€R? >0,

(3.6) ¢(w,0) = do(z) € H*(R®).
Then for all s > L there exist T = T(llgoll s mny) > 0 and a unique solution ¢ of the

integral equation (3.2)) in the interval of time [0,T) with
¢ € C([0,T); H*(R™)) N LU([0,T) : WHP(R™)),
for all pairs (p,q) defined by condition (2.8)), that is rewriten in this case as

1 3 3
. -+ — == ith 2 < .
(3.7) q+2p o <p<6
Moreover, for all T' < T there exists a neighborhood W of ¢ in H*(R™) such that the
function

F: ij — (z([O,T’] s H5(R™)) N L9([0,T'] : W5P(R™))
po — ()
1s Lipschitz.

Proof. In this case, the integral equation (3.2) takes the form

. t . /
(3.8) o(x,t) = ¢"gg — i / OB (gPe) (t')dt' .
0
By the Strichartz inequality (2.5 we have
H<v>s€itA¢0‘|L§L§([O,T)><R3) N ||¢0HHS(R3)

for all pair (p, q) satisfying condition 1) and by the properties of the group {e?*1°
we have
it A
sup [|e" 2ol = w3y = llboll s (r3)-

)

%) and (2,8). Now define

Choose the admissible pairs (4, §

itA itA
K = 11e"2 6ol js/2yp24 (0 1yxray 1€ 00ll sz

x

([0,T)xR3)"

Note that K7 — 0, as T — 0. Define also

saz2/s < 2K7}.

8/3
X=A{uce Lt/ W;A N L§W£’12/5([O’T) X R‘?’) : HuHLf/BWISA + ”uHLtBWI

Denote '
By(t) = —i / =) (20 () .
0
We will show that the map
A u(t) — e Bpg 4 @, (1)

sends the space C([0,T) x H*(R3)) N X into itself, and it is a contraction. First, using
Strichartz inequality (2.9)),

”‘I)u(t)HngjnP([o,T)xRS) S H|u|2uHLt8/5Wj’4/3([O,T)><]R3)’
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for all admissible pair (p, ¢). Now, by fractional Leibniz rule and Sobolev inequality,
Pl sy g sy ~ 1Tl s
S ||<V>SUHL§/3L§IIUH%L3
S CEDIV) ullly 1o/ S 2KT),
Moreover, by Strichartz inequality , we also have

s < s 2
s [(9)°@u®)l20) S 1)) s

< (2Kr)*.
Hence ®,(t) € C([0,T); H*(R?)) N X for T small enough and then the map A sends
C([0,T); H*(R3)) N X itself for T sufficiently small, depending only on the size of ¢q in
H3(R3).
Now we’ll show that A is a contraction. Let u,v € C([0,T); H*(R3)) N X. Using
fractional Leibniz rule and Sobolev embedding we have

t
[®u(t) = Dy (8)llx = H/O OB (ufPu — o Po)dt'| x

S Ml = ool /sy

< =) (uf? + ) sy + 1@ =) - ]
S V) (= 0} gy 0l + Tl gz + e = ol 2 1{9)° (ul® + 70) 2
FIO) @ = D)l g 0% g2 + 1T = Pl 1(9) (03 2

< (090 (= 0)ll v + T2 = )5 ) - (2K’
< llu—ollx - (2K7)

Analogously,

sup 190 (t) = o)l gsmsy S lu = vllx - (2K7)%

Then, for sufficiently small T' we have that A is a contraction.

It remains to prove the continuous dependence of the initial data. Let ¢ be the solution
associated to the initial data ¢ considered below and 0 < T < T. Write 5 for the solution
associated to another initial data ¢g close to ¢ in H*(R?) and consider

. AT itA T
Kpr = " ¢OHLf/3W£’4([O,T’]xR3) + lle* (bo”L§W§’12/5([07T’]><R3)'

We have ~ Y
| K71 — K7r| S o — doll s ms)-

Then, if ||¢pg — 50” me(r3) is sufficiently small, we may use the argument employed below
to conclude that

o — ¢llx + [21;13] o — 5”1{8(]1@3) S lldo — 50”1{5(1[@3) + 16— ol x <K:2rf + K Ko + [?%,)
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and then B B B
¢ —ollx + [21;9} |9 = Ol s (r3y < CrrllPo — Poll s (ws)-

O]

Remark 3.1. Note that this proof also is valid for s = %, which is the critical case. This
coeficient preservs the H*(R™) norm of solutions by rescaling

oM (z,t) = Ap(\z, \2x),

and the estimated time of existence for this solutions depends on the profile of ¢y, and
not only on its size. In our proof, we have not done this estimation, since we have just
noted that K7 — 0, but not how fast the limit yields. See [4] for a more detailed approx.

3.2. Conservation Laws

The next propositions show classical conservation laws for solutions of nonlinear Schrédinger
equations.

Proposition 3.1. Let u satisfy the integral equation (3.2)) with ug € L*(R") and u €
L1([0,T); LP(R™)) for some admissible pair (p,q). Then

[u(t)ll2 = [luoll2
for allt €[0,T).
Proof. Multiplying the integral equation (3.2) by e~#* and taking L? norms we obtain

—itA
lu(®)13 = ™" Cu(®)]3

t t
— ol + 25m (o, [ el ) 41 [ Sl @ gar
0 0

where we have taken A = 1 for simplicity. We’ll show that the sum of the last two terms
on the right of the previous equation vanishes. The first of them is equal to

t
2.m / (et Bug, [ulo—Lu(t))dt
0
For the second one we write

t L, t t ., o
II/ 6_’tA(\UI°‘_1U)(t’)dt’|!§=/ /<6_”A(IU\“_IU)(t’)7e_” B(lul* ) ("))t dt”
0 0 JO

— ! wl= ) (¢ tei(t’—t“)A wl= L) (ED AN dt
/0<<| | ><t>7/ (Jul=bas) (¢)de")dt

0

/

t t
=29 [ ("), [ O e ) ()
0 0
t tl (4! 1"
= 2.0m [ ((Jul*" ) (), u(t') — i / e =D [y 0Ly (1))t
0 0
t y
=27m [ (@), ¢St
0

t
— oum / (et Bug, | (ul* ) (#))dt.
0
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Then ||u(t)||2 = ||uo||2 for all £ € [0,T).
O

Proposition 3.2. Let ug € H'(R"). Let T > 0 and let u be a solution of (3.2)) with
u € LI([0,T); WHP(R™)) for some admissible pair (p,q). Then

E(u)(t) == /n (]qu(x,t)|2 - oz2j\1 \u(x,t)|°‘+1> dx = E(up).

Proof. In a way similar to the preceding argument (taking A = 1), we compute
IVu(®)]3
—itA
= [[Ve " (u(®)) |3

t
— | Vug i / (T (juf L) (1)) d|
0
t
- ||Vu0|]% —29m <Vu0,/ e_”A(V(u|O‘_1u)(t'))dt'>
0
6
+H/ e AV (Jul* ) () dt |13
0
t
— Jluol2 = 2.7m / (€D (Tug), V([u|*~ L) ()’
0
t /!
+2«%€/ <(V(|U!a_1u)(t')),/ e A (T (| L) (¢7))dt")dt!
0 0
t
— | Vull? + 2.5m / (V (M) (#), A (Vo))
0
t t/ . ! 1"
L ogm / (V(Julo L) (), —i / =D (7 ([ oL (7)) ") it
0 0
t
— | Vuol + 2.5m / (7 (V) (), V() e
0

— | Vuol - 2.5m / (u ™ ) (), Au(t))dt

= [[Vuoll3 —4%/ ((Jul*" ) (¢), Qpu(t'))dt!

0
2 [td
= [[Vuoll3 - —— | = )0+ dadt’
IVwld - == [ [ @i
= IVul - 2 [ @t [l

This completes the proof. A rigorous justification of identity
Im(Ju|* tu, Au) = 2%e(|u|* tu, dyu)

may be seen in [14]. O
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3.3. Global Theory

Now we show some examples of global well-posedness results and others of formation of
singularities for nonlinear Schrodinger equations.

First consider the local solution of the IVP with ug € H'(R") provided by
Theorem m If A < 0 (defocusing case), by conservation law we have

sup/ |Vu(z,t)2dr < E(ug)
0,7) JR™

which combined with (3.1]) gives

sup [[u(®)|[3p ey < Eu) + [luol3
[0,7)

This allows us to extend the local solution u to any time interval.

In some other cases, local solutions can be extended to global solutions. The next
result summarize some of them.

Theorem 3.4 ([13], page 122). Under any of the following set of hypotheses the local
solution of the IVP (3.1) with ug € H'(R™) provided by Theorem extends globally in

time.
1. A <0,
2.2>0and a <1+4/n,
3. A>0,a=14+4/n, and ||up||2 < co, for some constant cy depending on uqg.
4. A>0, a>1+4/n, and |Jug||grrny < p, for p sufficiently small.

This theorem is optimal. Now we prove that, if /. does not hold, then there exists
ug € HY(R™) and T* < oo such that the corresponding solution u of the IVP (3.1 satisfies

(3.9) L [Vu(t)]|2 = oc.

To simplify the exposition we shall assume A = 1. In the proof of this result we need the
following identities, whose proof is easy but cumbersome and will be omited here.

Proposition 3.3 ([13], page 124). If u(t) is a solution in C([0,T); H(R™)) of the IVP
(3.1) with A =1 obtained in Theorem [3.1], then

d
(3.10) - lz|?|u(x, t)|*dr = 4.9m rudyudz,

with r = |z|, and

d
(3.11) —Im rudyudr = 2/
dt R7

]Vu(x,t)Fdx—i—( 2n —n)/ lu(z, t)|*da.

a+1

n

The next result is implicity needed to give sense of the above identities.
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Proposition 3.4 ([13], page 126). If u(t) is a solution in C([0,T); H'(R™)) of the IVP
(3.1) with A = 1 provided by Theorem such that zjug € L*(R™) for some j =1,...,n,
then

zju(-,t) € C([O,T);LQ(R”)).
Thus, if ug € L*(R", |z|>dx), then
u(-,t) € C([0,T); H' N L?(|z|*dx)).

Theorem 3.5 ([13], page 126). Let u be a solution in C([0,T); H*(R™) N L?(|z|*dx)) of
the IVP (3.1) with A = 1 provided by Theorem and Proposition . Assume that the

matial data ug and the nonlinearity o satisfy the following assumptions:

2
1. / (|Vuo|2 P u0|0‘+1> dx = E(up) = Ep <0,

2.a€(1+4/n,1+4/(n—-2));
then there exists T* > 0 such that

lim [ Vu(®) |2 = oc.

We observe that condition . implies that [|ugl|g1 sy is not arbitrarily small. In
particular, for any ug € H'(R") one has that Eg(yug) < 0 for 7 > 0 sufficiently large.

Proof. We first assume that %m ( fRn rﬂoaruodac) < 0. We define the function

flt)=—Im r(Opua)(z, t)dx.
R’ﬂ
By our assumption f(0) > 0. Using identity (3.11)) and the definition of Ey it follows that
/ 2 2n atl
fit)=-2 |Vu(x,t)|“dr — —n lu(z,t)|*" dx

a+1

a+1 2
/n| u(z,t)] dx—i—n( 5 >a+1/Rnlu(x,t)| dx

= —2/n \Vu(z, t)2dz +n (O‘;rl - 1) </Rn |vu(m,t)\2da;—E0>
:—[2—n<a—;1—1)]/n|Vu(a:,t)\2d:c—n<a—2|_1—1)ED

> M| Vu(t)|3,

since by hypothesis Ey < 0, @ > 1 implies that (« +1)/2—-1> 0, and a« > 1+ 4/n
implies that n((aw+1)/2 —1) —2 = M > 0. Then f(¢) is an increasing function, so
f(t) > f(0) >0 for all ¢ > 0.

Now we use to see that

A R, ) Pde = 49m [ r@0) (e, t)dz = —4f(t) < 0,
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Thus, h(t) = [ |z[*|u(z,t)|*dx is a decreasing function with

W) < [ Jaflun(o)de = h(0)
Applying Cauchy-Schwartz inequality we obtain

lf(O)| = f(t) = —Fm r(udyu)(z,t)dx

R

< </ r2|u|2(m,t)dm> v </ |8ru|2(x,t)da:>l/2

< (h(0))2[[Vu(®)]2,
and then f(t) satisfies the differential inequality
M

, M 2
F'0) 2 5O
f(0) > 0.
Hence, ( ) ( )
h(0)f(0
(RONY2|Vu(t)|2 > f(t) > h(0) — M f(0)t"
Defining (0)
h(0
= 3rp0) 70

we obtain that
lim ||Vu(t)]|2 = o0
“HT
with T = Tp.
It remains to prove the result in the case .Ym ( f rﬂof)ru()dx) > 0. In this case we have

d 2 2
ﬁfm - rudyu(x,t)de = 2Ey + <(07++1) — n) /n lu(z, t)|*de < 2E,

because a > 1 +4/n. Hence since Fy < 0 there exists £ > 0 such that

Im </ ru@ru(x,f)dx) <0

and we are in the case previously considered. O



§4. The Cubic NLS Equation on R’

In this section we prove the main result of the work. We prove global existence and
scattering for the solutions of the defocusing, cubic, nonlinear Schrodinger equation in
H*(R3) for s > %, giving a detailed version of [7].

We consider the following initial value problem,

(4.1) i0yp(x,t) + Ap(x,t) = |¢(m,t)\2¢(ac,t), zeR3 t>0,

(4.2) ¢(z,0) = go(x) € H*(R?).

We have proven in theorem [3.3|of the previous section that (4.1))-(4.2) is well-posed locally
in time in H*(R3®) when s > % In this case, the Schrddinger admissible exponents for
R3*t! when ¢, > 2 are

1 3 3

4.3 -4+ —=-.
(43) q+2r 4

In addition, these local solutions satisfy the L? conservation

(4.4) loC Dl 2msy = lldo()ll2(rs),

and the H'(R?) solutions have the following conserved energy,

(4.5) E(6)(t) = /R SIVe(a, ) + 116G, O]*dr = B(8)(0).

As we have also seen, these conservations laws and the local-in-time theory implies the
global-in-time well-posedness for data in H® when s > 1. However, when s < 1, the energy
of our solutions is generally infinity, so we can not use the conservation law to prove global
existence. Our aim will be to control the growth of E(I¢)(t) uniformly in time, where
1¢ will be a smothed version of ¢. That is what we will call an almost conservation
law. Moreover, for our arguments, we need to include an estimate based in the classical
Morawetz action. While the standard Momwetz—type estimate bounds

/ / GIC)R
R3 W

we introduce an interaction potential generalization of the Morawetz action, called Morawetz
Interaction Potential, to control

o, )l s, woxr)-

19
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Finally, we write ST (¢) for the flow map e*** corresponding to the linear Schrédinger

equation, and SN(¢) for the nonlinear flow, that is, SN*(t)¢pg = ) with ¢ and ¢

as in (4.1)-(4.2). Given a solution ¢ € C((—o0, c0), H*(R?)) of (4.1 . , we define the

asymptotic states ¢ and wave operators Qi : H S(]R?’) — H $(R3) by

(4.6) ¢~ = lim SU(-t)SN(t)eo
(4.7) O = ¢,

insofar as these limits exist in H*(R?). When the wave operators QF are surjective, we

say that (4.1)-(4.2)) is asymptotically complete in H*(R3).
Our main result is the following:

Theorem 4.1. The IVP (4.1)-(4.2) is globally well-posed from data ¢o € H*(R3) when
s > 4/5. In addition, the wave operators (4.7) exist and there is asymptotic completeness
on all of H*(R3).

4.1. Morawetz Interaction Potential

The discussion here will be carried out in the context of the more general form of (4.1))
given by

(4.8) i+ aAu = pf(|ul®)u, u:RxR3— C,
(4.9) u(0) = wo,
where f is a smooth function f : Rt — R™ and « and pu are real constants. We define
= foz f(s)

We will also use spherical coordinates rw, r > 0, w € S%. In this context, we use the

gradient on the sphere, V,, : C*°(S?) — T'S?, defined by
(Vog(x),v) = Dpg(v), Yov € T,S?% Vo €S2

and its extension to R3\ {0}, which is given by

(4.10) Vof=1rVof,

where Vo = V,, is the angular component of the derivative of f (or the gradient on the
sphere rS?), that is to say

(4.11) Vof =Vf- < o f> El
or, writen in spherical coordinates,

(4.12) Vi=Vwf+ 6rfaar

Moreover, we define the Laplace-Beltrami operator on the sphere by A, = div V,,, and
recall that the divergence of a vector field X over S? is given by

<—diVX, g>§2 = <X7 va)SQ = /S2 <Xa vwg>ds7
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where (-, -)s2 denotes the inner product in L?(S?). The extension of A, to R3\ {0} is
Awf = T2Arwf7

where, as in the case of the gradient, A,, denotes the Laplace-Beltrami operator of the
sphere of radius r. From (4.10f) and (4.12)), it follows that the relation between the spherical
Laplacian and the usual one is

1 20f O*f
Af =38l 05t g2

Now, we recall some alternate forms of the equation (4.8):

(4.13) wp = i Au — ipf((Jul*)u,
(4.14) Ty = —iaAT + ipf (Ju|?)a,
) 2a . . 9
(4.15) ut = ity +i—uy +i—5Ayu —ipf(|ul®)u,
T T
(4.16) (rue) = ia(rw) e + i< Apu — ipnf(Jul?)u,
T
(4.17) (1) = —ia(r@)yy — i< AT + ipf (|ul?)a.
T

We introduce the Morawetz action centered at 0 for the solution u of (4.8]),
(4.18) Mofu(t) = / <,ﬂm[u(t, 2)Vu(t,2)], le> da.
R3 X

We can verify, using (4.13)) and that
(4.19) or(|u?) = ia(@Au — uAT) = —2a(V, Im[u(t, ) Vu(t, z)]),

so we may interpret My as the spatial average of the radial component of the L? mass
current. In order to obtain global existence, it is spected that the solution scatters with
time, so M should increase, since that behavior involves a redistribution of the L? mass,
which is what we mean by dispersion. The following result stablishes that %MO [u](t) >0
for defocusing equations.

Proposition 4.1. If u solves (4.8)-(4.9), then the Morawetz action at 0 satisfies the
identity

Oy Mo[u](t) = 4malu(t,0)* —i—/ T;T\Vou(t,x)Pd:c
R3

(4.20)

+u/2ﬂm%wwxw—FWwawx
R3 \$|

In particular, My is an increasing function of time if the equation (4.8) satisfies the repul-
ston condition,

(4.21) p{lul® F(|ul*)(t) = F(jul*)(®)} 2 0.

Remark 4.1. For pure power potentials
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where the nonlinear term in (4.8) is |u[P~1u, we have

() = F(u?) =l (1= 2 ) = P2l

Hence condition (4.21)) holds in the defocusing case p > 0.
Proof. Since (Vu, E |> Oru and |u|? = @ is real, we may write
1
(4.22) My(t) fm/ (t,x (3 + ) u(t, z) dx
(4.23) = Jm/ / ru(ru)y dw dr,
S2

Integrating by parts and using the equation (4.16]) gives

—MO Jm/ / )(rug)r + (rug) (ru), dw dr
S2

=.Im / /S 2 o(rug) + (rug) (ru), dw drr

- Mm/o /82 (ru), (rug) dw dr

=— 2fm/ / (ru), {ia(ru)rr + igAwu - im’f(|u|2)u} dw dr
0 S2 r

o] oo 1
=2« %’e/ / (ru), (ru) prdw dr — 2« %’e/ / (ru),—Ayudwdr
0 Js2 0 Js2 r

+2u%e/ooo/s2(ru)r7‘f(|u|2)udwd7“

=1+ 1T+ III

We are going to see separately that these three terms lead to the three terms on the right
side of (4.20]), respectively.

Term 1. Since 0,|(ru).|? = 2%e(ru),(ru),», we obtain
_ 2100 4 |
I = a/s2 [[(ru),|*], dw oz/S2 [(rur + u)(ruy, +u)]0 dw

=a [ |u(t0)’dw = 4ralu(t,0)%.
S2

Term II. Recall that A, = divV,,, so we can write

II —2a%e/ / < ( u+uT>,un> dw dr
SQ

= a%e/ / [Q\VWUF + 6T|un|2] dw dr.
0 ]2 |7
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Now, since V,u = rVu — TUT%, we know that |V,u| vanishes at the origin and then the
second term integrates to 0. Therefore, we can write term II as

00 2
2
II :a/ / %f]Vdewdr
0 s2TreT

& 2
= a/ / 22 |Voul*dw dr
0 S2 r

2
2/ —a|Vou\2d:ﬂ.
R |7

Term III. Here we use the expansion
@+ rar)r f(|u?)u = rlulf(Jul?) + 2 f(jul?)ua

The first of these terms is purely real-valued. The real part of the second term may be

writen as 1
e (ul iy = 5 [F(luf),].

Then, integrating by parts with respect to r, and changing to cartesian coordinates once
again, conclude that

e 2
=2 /0 [ )+ 5 [Pl dar
_ > 2 2y 2
_“/o /S 2rlul® f(Juf?) — 2 F(Juf?)dw dr

= 2 ul?f([ul?) = F(|ul? T
=i [ o (A = PP} da

O]

We may repeat the above argument centering it at any other point y € R3, defining
the Morawetz action at y to be

(4.24) M, [u](t) = /R 3 <Jm[u(x)Vu(x)],H>dﬂc.

Corollary 4.3. If u solves (4.8)-(4.9), then the Morawetz action at y satisfies the identity

Oy My[u](t) = dmau(t, y)|* + /3 ‘Q;Z:Iy‘|vyu(ta 2)[2d
(4.25) ) R
o g (A0 — Py,
where

Vyu = Vu — i <$_y,Vu>.
lz —yl \|z —yl

In particular, M, is an increasing function of time if the equation (4.8)) satisfies the re-
pulsion condition (4.21)).

For our scattering results, we will need the following pointwise bound for M,[u](t):
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Lemma 4.2. Assume u is a solution of (4.8)) and My[u|(t) as in (4.24]). Then,

(4.26) My &) S I 1/2 g

Proof. Assume, without loss of generality, that y = 0. Then, by duality

‘jm/smaru(:c,t)dx < llull ooy - 100l 7-1/2z5)-

It suffices to show Hc'?ruHH,l/g(Rg,) S Hu”Hl/Q(Rg). Since 9, = <ﬁ,v>, we have

\V4 \Y% d
H<|| U>HH1/2 f||i:il/R3<|$| u>f()x

x
< sup ||VUHH—1/2(R3) )

|| HH1/2(R3)

11l g1e=1
x
< sup lull gz s - =P -
1Al g1 /2=1 Tl E2(ms)
Then, it remains to prove
S R 1 Py
|| H1/2(R3) HEE)

for any f for which the right side is finite. By interpolating between L? and H!, we need
to show

x
T IR PN oy YT Phvaes
|| L2(R3) H1(R3)
The first of these two bounds is trivial. For proving the second, we use the Hardy’s
inequality (A.18)),
T T 1
()| = |GG+ a5 1ot
2" /] L2 |z 2 =l e

O]

Corollary 4.4 (Morawetz Inequalities). Suppose u is a solution of (4.8))-(4.9). Then for
any y € R3,

T
2 sup [[u(®)]2 2 dma / fult, )| 2dt
t€[0,T]

(4.27) / /RS Vo) e

T 2u 9 2N Elu) ) da
+/o /Rs ]:r—y’{|u| JF(|ul*) = F(|u|®) }dx dt.

In particular, the inequality gives a bound uniform in T for the quantity

//|utx o dt
R3 W—m

for solutions of (4.1))-(4.2).
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Now, we introduce a generalization of the Morawetz action in order to obtain a bound
uniform in time for the L*([0,7] x R3) norm of our solutions of (4.1)-(|4.2)).

Definition 4.1. Given a solution u of (4.8)), the Morawetz interaction potential is defined
by

(1.28) M) = [ futt, )Myl

that is, the average of My[u](t) with respect to the density |u(t,y)|?>. We’ll drop u in the
notation below, writing M[u](t) = M (t).

The bound (4.26]) implies that
(4.29) IM ()] < lu()l72 w1 -

Using the identity (4.25)), we obtain the following one:

d
—M(t) =4 )[*d 2dx d
- wo [ ulay+ [ ] )9 e dy

2 2 2 2 2
(1.30 [ ) PR u@) ) = Plfu(e)?) e dy

+ [ oullute. )P, 0.

We write the right hand side of (4.30) as I+ II + III + IV, and we are going to see that
this sum can be rewriten as a sum involving only nonnegative terms.

Proposition 4.2. Referring to the terms of (4.30), we have
(4.31) IV > —II.

As a consequence, we have that solutions of (4.8) satisfy

d
M) = ama [ Ju(w)'ay
dt R3

(4.32) ,
/ / P P )P (u@)|?) — F(u(a)]?)}de dy.
R3 JR3 \55 y\

In particular, M(t) is monotone increasing for equations involving the repulsion condition
(4.21).

Proof. Using (4.19)), write

IV = —24 /R (9, Smf(t,y)Vult, )]) My (1) dy

_204/1[{3/]1@ (Zaylfm )0, uly ) (Z /m[ ‘x_%‘"a Ll )Ddxdy

=1

= 2a/RB /RB Z {fm )8y u(y) ZS: Im [ <H) axmu(m)”dxdy,

z [=1 m=1
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where we have integrated by parts in the last equality, moving the leading 9y, to the unit
vector Ii:Z\‘ Note that

(x’,; - ym> _ O, @ = y) (@ — ym)

yl ) |z —y |z — y|3

Using this identity and the notation p(z) = #mu(x)Vu(x)] for the mass current at =, we
obtain

(433)  IV=-2a /}Rg /R3 [(p(y),p(x» - <p(y), H> <p(x)7 ‘i — z>] ,jgflz|-

The geometric interpretation of the preceding integrand is now clear. We are removing
the components of the inner product of p(z) and p(y) parallel to the vector ﬁ, SO we

can rewrite the previous integral as

dxdy
_2a/1R3 /R?’ T(x— yJ-p ) T(z— y)J-p( )>Hv

Ny Ty JTmy
Ta—y)+P() := P() \x—y\<’x_y”p()>'

where

But now, we have
(4.34) 7 (@—yyr P(Y)| = | Im[u(y) Vouy)]| < [u(@)[Vau(y)l,

and the similar inequality switching the roles of z and y in (4.34)). Hence,

dxd
v > 2a/ / 2)[|Vyu(@)|[u(y)|Vau(y)|
]RS |ac—y|
dxd
> 2a// PV yu(e) P =
RS R3 |x—y|

where the last inequality follows by applying the elementary bound |ab| < 3(a® + b%) with
a=|u(y)| - |Vyu(z)| and b = |u(x)| - [Vu(y)|. O]
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We combine (4.29) and (4.30)) to obtain the following estimate.
Corollary 4.5. Take u to be a smooth solution to the (IVP) (4.8))-(4.9) above under the
repulsion condition (4.21). Then we have the following Morawetz inequalities:

2AuO)132 sup (D)2 2 dmo / / fu(t, y) *dy dt
(4.35)

[ ) PR S (@) ~ Filua) P dy
R3 ]R3

|z —y|

In particular, we obtain the following space-time L*([0,T] x R3) estimate,

(4.36) / / eyt 5 ol s 1)

2. Almost Conservation Law

As we have already mentioned, the solutions of with initial data in H*(R3) for s < 1
can be too irregular to have finite energy. This is the reason for which we can not use
the standard arguments based in the conservation law to prove global existence and
scattering. Our aim will be to control the growth in time of a smoothed version of the
solution, but enough close to the first so that we’ll be able to control the Sobolev norm of
the original solution from energy estimates of the approximation. The principal tool we’ll
use is the Littlewood-Paley Theory, described in Appendix A.3., which allows us to obtain
bounds in the spatial side from estimates in the frequence space.

Definition 4.2. Let ¢(z,t) a solution of (4.1)-(4.2). We define the operator Isn = I :
H*(R3) — HY(R3), depending on a parameter N > 1 to be chosen later, by

(4.37) T7(€) == mn(©)F(6),

where the multiplier my(€) is smooth, radially symmetric, and nonincreasing in €|, and

1’ ‘£| SN?
vn (), N <[ <2N,

N 1—s
(,Q) .l = 2N

with Yy =¥(-/N) as a smooth nexus connecting the two sides of my in the proper way.

(4.38) m () =

The following two inequalities relate the energy of I¢ with the size of ¢ and ¢g in
H*(R3) and the L*(R?) norm of ¢.

Proposition 4.3. Let ¢ be a solution of (4.1)-(4.2) and I the operator defined above.
Then

2
(4:39) B(I8)(t) 5 (N2 100, Ol sy )+ 1000l faqes

(4.40) 16 O e sy S EIS)(E) + [Pl 72y
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Proof. By (4.5)), we have

1 1
B(9)(0) = 5 [ | IVa10.0)dz + 71760 0)Lsqeo

First, by considering separately those frequences |{| < N and |{| > N,

/|vwf¢<x,t>|2dx= / €212 (e, 1) 2de + / €2 () 21(E, 1) P
R3 [EIKN

|§1=N

<ne [ eide npds Ny [ jepiae s
€I<N N

<|§|<2N
) N 2—2s =R 2d
T /5 K (ra) 96, 0)2de

< (N6 Oll ey )
Now, we need to see that
1100, Dl 2sqey < 1906, 4gas).
which is a consequence of the Hormander multiplier theorem [A.9] once we show that
DR (€)] < CleI2, for |8] < 2.
We distinguish the following cases:
1. If |¢] < N, then DPmy(€) = 0.
2. If [¢] > 2N, then |DPmy(€)| ~ N1 =8|¢s~ 1718l < N1=s Ns=1¢| 1Al
3. IF N < [¢] < 2N, then 0 < | D (€)] = [ DA (€)] = N1 DPy(e)| < Je| 141

So we have proven (|4.39)).

For the other estimate, note that
6 = [ (1+1€RYI9(E P

< . 22 s 28|72 ’ 2 25|72 , 2
S 1o Ol + | JePelate e + /m BREERE

€]
<2060, ey + [ IePIGE P
1<|¢|I<N
2—2s
v Plow©FIBE OPde + [ e (N) 36, 6)de
N<[g|<2N €|>2N €]

S E(I)(t) + H¢0||%2(R3)'

The main result at this point is the following.
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Proposition 4.4 (Almost Conservation Law). Assume we have s > 1IN > 1, ¢g €

Ce°(R3), and a solution of — on a time [0,T] for which >
(4.41) 16l s, (o.yxre S €

Assume in addition that E(I¢g) < 1. We conclude that for all t € [0,T],
(4.42) E(I¢)(t) = E(I¢p) + O(N~'*).

where —14+ = —1+ 6 for some universal constant 0 < § < 1, and the implicit constant in
(4.42) is independent of the length of [0,T] and depends only on the constant that bounds

E(I¢o).

If one could replace the increment N~!'* in E(I¢) on the right side of (4.42)) with
N~ for some a > 0, one could obtain, by repeating the argument we give below, global

well-posedness of 1}1’ for all s > 331'20;.

In order to prove the previus proposition, we’ll need control a local-in-time norm Zy(t)
involving the Schrodinger exponents in (|4.3),

(4.43) Zit)y = sup  [|VIQ| papro,xrs)-

q,r admissible

Lemma 4.3. Consider ¢(x,t) as in (4.1)-(4.2) defined on [0,T] x R3, with ¢ € C°(R?)
and

(4.44) H¢HL§,t([O,T]XR3) <e

for some universal constant €. Assume, too, that E(I¢g) < 1. Then for s > %, and
sufficiently large N,

(4.45) Z1(T) < 1.

Proof. Apply VI to both sides of (4.1). Choosing ¢, = %, Strichartz estimates give us
that for all 0 <t < T,

21(t) % IV 190l 2y + IV I(06) g7

Now, by fractional Leibniz rule (A.19)) for the operator VI (the proof can be easily modified
for this operator), we obtain

21(8) S IV 100l z2(s5) + 1910l 1030 g 19135

Since ¢q =1 = % are admissible exponents, we have that the L'9/3 factor is bounded by

Zr(t). We claim that, for N sufficiently large, the remaining Li,t factors are bounded by

(4.46) 16l 23 ,(0.0xr?) S - (Z1(t))™,

for some d1,d2 > 0. Assuming (4.46) for the moment, we conclude, using the hypotesis
E(I1¢p) <1, that
Zr(t) S 14 €¥1(Z(t) 202,

For a sufficiently small choice of € (only depending of the exponents §; and d2 and the
implicit constant), we obtain the bound (4.45)) for all 0 < ¢ < T', noting that Z;(¢) is a
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continuous function of ¢, 0 < Z;(t) for 0 <t < T, and f(2) = 1+ €2912142%2 _ Oz begins
decreasing for z > 0 and takes negative values for small e.

It remains to prove (4.46)). All space-time norms in this proof will be taken on the slab
[0, T] x R3, even when, for legibility, this isn’t explicitly written. Let ¢ € CS°(R?) such
that .

{ supp ¢ C {3 < [¢] <2},
p=1,in {3 <[|¢ <1}
Define ¢, (&) = ¢(&/2F) for k € Z and

Zko % @
k ko+j k
A ’[’]J: 0TJ ]:172,

= ) ) T 0
h=—oo Z i Z i

1=—00 1=—00

Mo

where 2F0—1 < N = Ny < 250 and denote N; = 2kotJ for j > 1. Now, we can decompose
¢ in dyadic pieces in the frequency space, writing

¢ =10+ Y
7j=1

with Jj(f) =n;(&) - &5\(5), for j =0,1,2,.... By construction, we have

N

1—s
T05(6)| ~ (N) TEL i=012,...

so, by the Hérmander multiplier theorem we obtain that

N 1-s
ol ~ (5) Wl d=012..

and then
Il o, j=0,

(4.47) 145l 1o, ~ .
ot Nl_S(Nj)s_lezZ)J'HL;?ta J=12....

Using Sobolev’s inequality in the space-norm, Hormander theorem once more time, and
the admissible exponents ¢ = 10, r = 39

13>
1Tl 0 S NVIW; 10,5008 SNVIQN 10,3008 S Z1(T).
x,t Lt Lx Lt L;c
Rewriting gives
ZI<T)7 ] = 07

4.48 YjllLio, S
(448 1411230 {N;SNHZI(T), P

Similarly, by Hérmander multiplier theorem,

) ~ NSNI=S0). -
||VI11Z)]||L916?15/3 NJN ||¢]”Lalc(,)t/37 J = 1727 ceee

Hence, using the admissible exponents ¢ = r = 13—0, we get the following L'%/3 bounds,

(4.49) 15l oy S NN Ny~ Z(T), j=1.
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Now we have the necessarily tools for our desired L%t bound of ¢. First, apply the
triangle inequality to show that

[o.¢]
lolss, <3 llsllss
§=0

By Holder inequality, which allows us to interpolate between the L'© and L* bounds

of 1' and ), and applying Hormander theorem in order to bound ||¢[[z» by
[¢lle ,, we obtain

2/3 1/3
||¢0||L;t S H¢0HL§¢ ’ HT/)O”L;%

(4.50)
< €5(21(T))s

Finally, for j > 1, interpolation with Holder inequality between (4.48)) and (4.49), yields

[o¢] [o¢]
1/2 1/2
> lslls, S D Il s - lbsliho
i=1 i=1 ot "
N -1 - 3 1—s nrs—1 1
S (NI T Z(T) R - () PN Z(T))
j=1
0 1—2s
=N*'Z/(T)) N, ?
j=1

Since s > %, and the N; are negative powers of 2, the last sum is bounded by a constant
only depending on s. Moreover, since s < 1, we can choose N sufficiently large, depending

on €, to obtain (|4.46)).
O

Now we can prove the Almost Conservation Law.
Proof of Proposition [4.4. We begin to estimate F(I¢)(t) in a similar way as we obtained
conserved energy for smooth solutions of (4.1]). However, I¢ is not a solution, so we have
d

_ T 2
£ B(I6)(1) = e /R Ta(16P 16 — Alg)dr

e /R TaI0P 19— ALY~ il6))ds

= dte [ Tai(10P10 ~ 1(0))da

In the next step, we are going to use the following form of Parseval’s formula:
LA@a@s@a@a= [ feheheheds
i=15i=

Applying this, and integrating in time, it remains for us to bound

E(I9)(t) — E(1)(0) =

—~

(4.51) ! m(§2 + &3+ &a) —— T 7
e /0 /Z o <1 - _math .m(&)) TOd () TOE)To () TO(Ew).
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We use equation (4.1)) and substitute 9,1(¢) = iAI¢ —il(|¢|*#) in (4.51)). Our aim is
to show that
(4.52) Term; + Termy < N1 (Z,(T))7,

for some P > 0, where the two terms on the left are

o = | [ __me+&+a)
e = /0 /Z;*_lgi:o <1 m(&§2) - m(&3) 'm(€4))
@(&)@(&)ﬁ(&)m(&) ;
N g e+ G+ )
forma = /0 /Zflgio <1 m<52>-m<53>-m<§4>>

T[RRI TolEs) TH(Ea)

Once we prove estimate , the result follows inmediately by applying Lemma
In what follows we drop the complex conjugates since they don’t affect the analysis used
here.

Consider first Term;. We break ¢ into sum of dyadic constituents 1);, each localized
with a smooth cutoff function in spatial frequency space to have support || ~ N; = 27,
j=0,1,2,....

With some abuse of notation, we will refer to ¢; (= ¢; ;) as the localization of ¢ in the
frequency shell |&;| ~ N; (= N;; = 27), with i =1,2,3,4 (and j =0,1,2,...).

We will conclude that Term; < N~'F once we prove

g o m 8 8) N AT e T e T (T
/0 /Z o (1 m(&),m(gg)_m(&))AI¢1<51>I<z>2(£2>I¢3<53>I¢4<§4>

(4.53)
< N7 CO(Ny, Na, N3, Ny)(Z1(T))*

where C'(N7, Na, N3, Ny) is sufficiently small in each (N, Na, N3, N4)-shell to sum over all
dyadic shells. By symmetry, we may assume N2 > N3 > Ny. We analyze separately the
following cases. Here we employ the notation B > A denoting B > K - A, where K is the
implicit constant avoided with the use of 2 in the same context.

Case 1: N > Ny > N3 > N4. By the definition of the symbol m in , we have

o om(&+ &+ &)
m(&2) - m(&3) - m(&s)
then the bound holds trivially.

Case 2: No 2 N > N3 > Ny. Since ) ;& = 0, we have Ny ~ Np. We aim for (4.53))
with

1

0,

(4.54) C(Ny, Ng, N3, Ny) = Ny~

With this decay factor, we only have a sum over finite terms in N3 and N4, which is of
order log2 N and can be absorbed within the N~'* term. Moreover, as N; ~ Ny and N;
are powers of two, for each Ny we have a constant number of Ny’s. Then, we conclude

0— 2
E N5~ Slog” N.
N1~N22ZN>N3>Ny
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It remains to show (4.54). By mean value theorem,

(4.55) m(€2) —m(fa+8&+8&)| o [Vm(&2)  (§3+8) o N3

m(§2) ~ m(&2) ~ Ny

Now we use Coifman-Meyer theorem for multilinear operators, for the symbol

Nz m(&2) —m(&a + &5 + &4)
m(§2) .

The necessary bounds (|A.15)) follow quickly from the definition of m. Then, by applying
Holder’s inequality, Theorem and Hormander theorem,

0(&2,£3,&) =

et side of ()] = 1 / / 061, &2, £5) AT (€1) T2 (62) T3 (E3) Toa(€4)

A[Aqu)l, I(ZSQ’ I¢3] . I¢4 de‘ dt
R3

N3
< EHA[AI%,M%I¢3]|!L;?t/9 [Lpall Lo,
FHAI%H 1073 ° [ 2]l 1073 ° 3]l 1073 - [ all 10,

1
FHAI%H /s 162l rogs - VI3l 173 - |1 all o,

Ny
Ng - Ny
1

S E(ZI(T))4

< NTHNyT(Z(T),

<

(Z1(T))*

where we have used Sobolev inequality and Hérmander theorem for the estimate [|I¢4][ 10 S

Z(T).
Case 3: Ny > N3 2 N. We use the pointwise estimate

m(&a + &3+ &4) 'm ) (m(&2)m(&s) —1)| _ m(&1)
m(&2)m(§3)m(&a) m(§&2)m(&s)m(&s) |~ m(§2)m(&3)m(Sa)

The frequency interactions here fall into two subcategories, depending on which frequency
is comparable to Ns.

Case 3(a): N1 ~ Ny > N3 2> N. We have, by hypothesis, s > % + ¢ for some small 4.
In this case we prove with the decay factor

(4.56) 1—

(4.57) |left side of [@53)] < N~HF2NI=2(Z,(T))*

where, in this case, the sum only occurs in N3 = N. That is

>N S Y NY P log Ny S 1.

N32> N N3<N
N3>Ny
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The sum in Ny ~ Nz is taking within the integral, as follows. We begin by estimating

(4.58)

)

1 T -
m(Ng)m(Ny) /0 /Zifi0U(gl’52’53)VI¢(§1)VI¢(52)I¢3(€3)1¢4(£4)

where the symbol ¢ is now defined by

(&1, 82,83) = m(N3)m(Ny) - (1 S + &5 + L) > giily (Kﬂ) 1) <|§2|> )

- m(&)m(&)m&r) ) 1€ B €]

with ¢ a smooth cut-off function in the frequency shell |{] ~ 1 and 1 another cut-off in
the shell [£] 2 1. Note that this symbol satisfy the hypothesis (A.15)) in the considered

region, since using we have
@) 1l ()., (18]
m(&2) &2 2] &3

<1

3

‘0—(517 527 53)‘ S

The important fact is that we have replaced the projections ¢ and ¢o by the cut-off
functions ¢ and 7 so, in this case, we don’t have to sum in IN; and N2. Note also that
we have left two terms of the form V/I\gi) in the integrand, multiplying the symbol by %
Applying Holder’s inequality, Theorem Hormander theorem and Sobolev embedding

once again, we obtain

4.58) < ———||A(VI Iop. 1 T
‘ ’ = m(Ng)m(N4)|| ( ¢7V ¢a ¢3)||Li(,)t/g H ¢4”L9139t
1
S oo IV - |IVI N T T
Nm(NS)m(N4)|| ¢||L9160t/3 H d)”LglcOt/S || ¢3||Li0t/3 || ¢4HL§J%
1
S Z1(T).
It remains to show
Nl—26N§6

(4.59)

<
m(Ng)m(N4)N3 ~

In the proof of this estimate and the analogous in the case 3(b) we use that: for any
p > 5 — 4, the function m(z)|z|P is increasing. Then

left side of (T5T) < 20— i

eft side of (4.59) S ———5-

B2 S )28
N1—26N??6

- 1_
m(N3) Ny 6m(N3)N32 6N326

1-20 py26
_ N12NG
~ N1-2N26°

Case 3(b): Na ~ N3 2 N. We aim in this case for the decay factor

(4.60) |left side of [@53)] < NN (7,(T))*



LOCAL AND GLOBAL ANALYSIS OF A NONLINEAR SCHRODINGER EQUATION ON R? 35

where ¢ is as in case 3(a) above. Then we can sum in all the N;, using that for each Ny
there is a constant number of N3’s (since N3 ~ Ny and the N; are powers of 2) and the
fact N3 > N4 ~ Nli

S OMTE Y MY M leNs s L

Ny~N3>N N3>N N3>N
N3>Ny~Ny N3>Ny

Once again, for obtaining this decay, we repeat the same argument, applying Holder’s
inequality, Theorem and Hormander theorem with the symbol

m(Nz)m(N3)m(Ny) <1 _ ””(0(52 + &+ &) > _

o(&1,&2,83) = m(Ny) m(&2)m(&3)m(&s)

To conclude, we just have to show that

m(N)NIN'PNE m(Ny) Ny NN
m(Ng)m(Ng)m(N4)N2N3 N (m(Ng )3N2N2

m(N )N Nl 25N25
& (m(N2))3NaNo

N1—26N226
~ (m(N2))2N;

1—26 n726
_ NUBN
— 26 NT1—-26
NZN

<1

We conclude the proof of the proposition by bounding Termy. When decomposing the
integrand of Terms in the frequency space, write Ny for the dyadic frequency into which
we project the nonlinear factor I(¢®). The analysis above for Term; applies unmodified
to Terms once we prove the following:

Lemma 4.4. Assume ¢, T', Z;(T) and Ny are as defined above, and Py, the Littlewood-
Paley projection onto the Ny frequency shell. Then

(4'61) HPN1(I((bg))HL;?t/S([(),T] R3) ~ S M (ZI( )) .
Proof. We write ¢ = ¢r, + ¢, where
supp o1 (&, 1) C {I¢* < 2},
supp o (€, 1) C {|¢* > 1}.

Consider first the case when all the three factors in (4.61) are ¢r. By Hoérmander
theorem and Sobolev embedding,

1Pxy ()], /s oLl
= ||I¢L\|L;9t
< IVIBLI 1o 305

< (Z1(1))* < Ny(Z1(T))?,
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since Ny > 1.
Now, we consider the case when all the three factors in (4.61)) are ¢. By Hérmander
theorem, Sobolev embedding and the fractional Leibniz rule (A.19)),

PN1I(¢:;{)

H]\lfl ‘Li?t/?’ S HV_1PN11(¢31’L1)HL71&/3
SIVY21(0%) I 1073 1078
S HV1/21¢HHL%0L30/8 : H¢%IHL10/2L20/16
= HVI/ZMHHLtlongs : ||¢HH210/2L20/8
S \|V1/21¢H||it1%20/8

S HVI(ZSHHi%oLiO/l?,

< (Zi(T))°.

The remaining terms are bounded using similar arguments, including fractional Leibniz

rule (A.19)):

H]%PNJ(@ bir - b1)

Lo/3 S IV (6w - o - ¢L)HL§°/3L§E°/8

ot
S ||V1/21(¢%{)||L§L;0/7 Nlozlizropo

+ HqﬁlquL?ngw ' HVl/2I¢LHLt10Li0/8
< ||V1/21¢H||L%0L30/8 Nmll o pzons - 6Lllzgorso

Hlml yopaors - 10ml pyo pa0ss - HV1/21.¢LHL%0L50/8
SIVIGH| o pzons - IVIGm |y pa0na - [ Tor] Ljopio

+ ||V1/2I¢>H||L%0L§0/s : ||V1/21¢H||L%0Li0/8 IVIGL] yop3013
< (Z1(T))°.

Finally,

H;lPNII(ebH .

< Ndber - oy -
L10t/3 ~ H¢H (rbL (ZSLHLiO/SLiO/lg
z,

S sl pyopzons - 9zlLiorw - oLl Liorm
S HVI¢HHL%0L50/13 : HVI¢LH210L20/13

< (Zi(T))°.
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4.3. Global Well-posedness Theorem

We now use interaction Morawetz estimate and Almost Conservation Law [4.4] proved
above. Combining this results with a scaling argument, we prove the following statement
giving uniform bounds for smooth solutions of — in terms of the rough norm of
the initial data:

Proposition 4.5. Suppose ¢(x,t) is a global-in-time solution to (4.1)-(4.2) from data
¢o € CS°(R3). Then so long as s > %, we have

(4.62) 91 L4 (j0,00)xr3) < ClPoll frs(w3)),
(4.63) sup (| ¢(O) [l s (r3) < ClPoll s (ms))-
0<t<o0o

As mentionated at Section 3.1, the energy conservation for H® solutions with s > 1 and
the local-in-time well-posedness of — from data in H*(R3), s > %, imply that the
solution ¢ considered here is smooth and exists globally in time. We will use a density
argument in H*(R3), combined with the local existence theorem, to prove the global well-
posedness portion of Theorem [4.1

By the invariant properties of the equation (4.1]), it’s easy to show that if ¢ is a solution

of (4.1)), then so is

1 r t
4.64 ) =_¢(= )
(4.64) o= 30 (5 )

The following lemma allows us to make E(I gbg‘)) small with a proper choice of A.

Lemma 4.5. Let § <s <1 and ¢y € H*(R3), then

E(I¢y") =

| =

A 1 A
IV 1667 172y + 717657 s ey <

| =

1—s
for X~ N==172 depending on ||¢o|| s ws)-

Proof. First, we show that

A —sy1/2—s 2
IVI6§ 3oy S (NN o oo

We have

V6 = [ lePmi (168" P

=3 [ 3] 3 (3) o

By considering separately || < N and || > N, we obtain

2 — o 1 2s s
M3 Q) e an<ave [ (3] o i
IXI=N |31<N

< )\12$N22S/

I3<

0|25 |do(n)|* dn
N
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and
A nZ o (M = 2 gp < (9N)2-25)\1-2s 2817 24
1 v () [om)F dn < (2N) [n1*[Po(n)|” dn
12|>N N<|$|<2N
FNEEAE ),
2N<|1|

1—s
respectively, so taking A &= N s-1/2 yields the desired bound.
It remains to estimate the term || 1 qbé)‘) ||4L4 R Here, by using Plancherel and breaking

the integral in the frequencies |£| < %, % < €] < N and [£| > N (denoting these projections
Py, Py, and P5 respectively),

A A
1PV |1Ls < IV¥AIPogY 1L

2
)1 3/2) 0 (012 d
( /| 7l%/2130)] n)

<A ol (gsy-

3

The P, case is completely analogous for the case s > 2 > 7, but indeed in the case

5
1—s
% <s< % we obtain the same estimate by taking our A ~ Ns-1/2. In fact,

A A
1P 144 < I/ AT P12

2
= ( / |n|3/“8|n|2sr%<n>2dn>
1< <AN

2
< (/\’1/2N3/2’25/\3/2*23)2 (/ ‘n‘Qs’%(n)F dﬂ)
1

<Inl<AN

< (AN 190 | s sy

Finally,
A : A
17256571114 < IV 1Ps65V 7
2
SN ([ Gy
[nI=AN
1—s
and we conclude once more time by taking A ~ N s-1/2. O

Proof of Proposition[£.5. Choosing A as in the previus lemma, for some constant C; =
C(|l#oll s (rsy) to be chosen shortly, define

(4.65) W = {T : |o™|| 110.11xre) < C1X¥}.

We claim that the set W of times for which (4.62) holds is all of [0,00]. The set W is
clearly nonempty and closed, since || || L4(j0,T]xR?) is contituous in time. It sufficies then
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to show it is open. By continuous dependence on time of \|¢()‘)||L4([O,T}XR3), ifTh e W,
then for some 75 > T} sufficiently close to 17 we have

(4.66) ”¢ ”L4 [0T2]><]R3)<201/\3/8

We claim Ty € W. By (4.36),

1/2_ ) (411172
(4.67) 16N N2, (078 k) S S llog 1% S 1 O 7172 (gs)
1 ) (4111172
(4.68) < C([lgollz)AT S 1 O /2 gy

To bound the second factor in (4.68)), decompose ¢V (t) as
(4.69) V(1) = P<yg™M (1) + Pono™ ().

That is, a sum of functions supported on frequencies || < N and || > N, respectively.
Now, by Plancherel, Cauchy Schwartz (that allows us interpolating between L? and H'),
L? conservation law and the fact that I is the identity on the low frequencies give us

|P<n DOl /2 S PP OIS - 1Pexé™ Oll;
(4.70) Sle6 15 - 1TPeneM (1)1
1
< Cllldoll )M 176D @)

We interpolate the high-frequency constituent between H; and L2 (using Holder inequa-
lity), and use the definition of I to get

1o e )z S IPandD Ol - [ PangD @)

= [PoneD @Ol " - N5 1P e ()],
(4.71)

< Clllgolla)ra 5 N= [ 1N (1))

= 0<||¢o||L;>||I¢<A><t>||};§,

1—s
where we’ve used both L? conservation law and our choice A & Ns-1/2 which implies that

12s—1 s—1
A2 2s N 2s ~ 1.

Putting together (4.71)), (4.70), (4.69) and (4.68]) gives

lo™) Iz , (0.1 xR2)
(4.72)

3

C<H¢ollLa>(As sup HIW)()H”“+ sup [[76° <>|r”<45),
0<t<T>

and note the fact that C(||¢ol|z2) doesn’t depend on Tj or T5.
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We conclude T, € W if we establish

(4.73) sup [[ToM (@) <1

0<t<Ty

since we then take C larger than twice the constant C(|[¢ol[z2) appearing in (4.72)).
Since ||¢WM)| 4 L(0,T] xR3) < 2C1 A8, we can divide the interval [0, T5] into subintervals
Ij = [tj—17tj]7 for ] = 1, ces ,L such that

A .
16Mlzs r,xmy S € G=1,...L.
Then, applying Almost Conservation Law, we have

sup [|VI6N (1) 2y < E(I65Y) + CN71F
0<t<ty

E(I¢W)(t) < B(I{M) + CN7,

where C' doesn’t depend on N. If we get E(Id)(()’\)) + CN~'* < 1, we can repeat the
argument to obtain

sup [|VIoW (1) p2e) < E(I6W)(t1) + ON7H

t1 <t<to
< E(I¢V) +2C0N"1F
E(I¢M)(t2) < B(I¢Y)) + 20N+,

It’s clear now that if we can show CLN~!*+ < %, we may repeat the argument above L
times to get

sup [[VI6™ ()| 2@y < B(I6Y) + CLN
0<t<T»

1—s
and then 1’ follows. But, since Le < (2C1)*\3/2, taking L ~ A2 and A\ ~ Ns=172  we
need

1—s % ]_
(Nm) N <,

2
and this is possible since for s > % the exponent on the left is negative. Notice that 1)
holds on the set W using (4.73), the definition of I, and L? conservation. ]

We conclude the proff of the global well-posedness theorem by showing the density
argument already mentioned. Let ¢g € H*(R3) and take ¢f € C§° such that

6 — dollgsrsy = 0, as k — oo.
By the local existence theorem, there exists a time 7" in which the solution ¢(z,t) of

(4.1)-(4.2) corresponding to ¢y belongs to H*(R3). Moreover, by the continuous depen-
dence of initial data, we have

sup 9" (t) — 6(t)l| o3y < Crvll 66 — ol s sy — 0,
0<t<T"
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for all 77 < T. Then

sup _[|(t)[| s (es) < sup_ [[¢°(t) = ¢(t)ll sy + sup_[[¢° (1)l
0<t<T’ 0<t<T" 0<t<T"

< Cril 6 — dollms sy + Cr (861 s r3))

< Clldoll s (r3))s

for sufficiently large & and all 7" < T, since the constant C(|[¢ol| 7s(rs)) in (4.63) depends
continuously on the size of ¢o in H*(R3). Then we can extend the solution ¢ over all
t €[0,00), and (4.63) holds on all H*(R3).

4.4. Scattering for the Solutions

Asymptotic completeness will follow quickly once we establish a uniform bound of the
form

(4.74) Zt)=  sup (V) Dl Larro.qxrs)
q,r admissible
(4.75) < C(ll¢oll s (r3))-
By (4.62)), we decompose the time interval [0,00) into a finite number of disjoint
intervals Ji,...,Jg where for i =1,..., K we have
(4.76) IDllzs ,(rixme) <€

for € = €(|[¢]|zrs(r3)) to be choosen early. Apply (V)® to both sides of (4.1). Choosing
7,7 = %, the Strichartz inequalities lb and li gives us that for all ¢ € Jy,

Z(t) S H<V>S¢UHL2(R3) + H<V>s(¢¢¢)HLiOIN([O,t]XR?’)'
Using the fractional Leibniz rule (A.19) we obtain

1OV @00 1077 g sy S KTVl 1053 16125,

The factor ending up in L'%/3 is bounded by Z(t). The remaining L3, factors are bounded
by interpolating with the Holder inequality between [[¢|| s and [[¢[zs . The latter norm

is bounded by Z(t) using Sobolev embedding:

I6lzs. S 109236 10 < Z00),
noting that s > % > % We conclude that

Z(t) < ol ms(msy + €7 Z(£) 05

For a sufficiently small choice of €, this bound yields (4.75)) for all t € J;. Since we are
assuming the bound (4.63]), we may repeat this argument to control the remaining intervals
Ji.

From the inequality (4.75)), we prove asymptotic completeness. Given ¢g € H*(R3),
we look for a ¢ satisfying (4.6). Set

(4.77) ot =go—i / " SH () (62)dr.
0
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To make sense to this expression, we have to show that the integral on the right-hand side
converges in H*(R?). Equivalently, we want

(4.78) lim ’ =0.

t—00

/t 9 S (9l20)dr

L2(R3)
To prove (4.78)), test the time integral against an arbitrary L?(R?) function F(z), with
| F'(x)|| 23y < 1. Using the fractional Leibniz rule,
OO L 2
o (Flo). [T 9ystn oo
¢

1@ 3y <1

R Sup <SL (T)F(J?), (vs(b)qbgb)[/i +([t,00) xIR3)
IF (@) 2 ) <1 ’

< sup ST F(@)] 105Vl 10/ 161175 R3
||F($)||L2(R3)S1 L, L, z,t([t,OO)X )

— 0,

where in the last step we have used (4.75) and the argument with the interpolation and
€ to bound the L;?t term. Note that the convergence is uniform in F' since, by Strichartz

inequality (2.5)),
IS“()F @)l ross S 1F (@)l z2s) < 1.

This yields (£.78). With this,

Jim 5200 — 0(0) ey = Jim |(9)°5%0) [ 8*-r)(oPoytn

L2(R3)

=0.

For completeness, we prove the existence of wave operators on H*(R3). Given ¢t €
H*(R3), we are looking for a solution ¢(z,t) of (4.1) and data ¢ that, heuristically at
least, satisfy

t
o, t) = S (t)do — i / SL(t — ) |¢[2odr
0

= SE(1)(SVE(—00) S (00)67) — i /0 SE(t - 7)[¢[20dr

= SEt)ot +i SE(t —1)|¢*pdr.

We show how this last integral equation is solved for ¢(x,t) using a fixed-point argument
completely analogous to the one using in the proof of Theorem[3.3] By our global existence
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result and time reversibility, we may extend this solution ¢, starting from data at time %,
to all of [0,00). It is now straighforward to verify that

Jim lo(t) — SH ()¢ s ms) = 0,

as we desired.



Appendix. Tools from Harmonic Analysis

In this Appendix we remind some well-known results about harmonic analysis and intro-
duce some tools which have played a relevant role along the work.

A.1. The Fourier Transform

The Fourier transform is the very first instrument to work in harmonic analysis. It allows
us, in a naif way, to understand a function as a trigonometric sum. The Fourier transform
in a fixed point £ give us the weight of the trigonometric term with frequence £ in the sum.
Here we give the definition of the Fourier transform and some basic properties which have
been systematically used without mention.

Definition A.1. Let f € L*(R™) we define its Fourier transform by

(A1) FINO=F© = | Sz, cer
Theorem A.1 (Basic properties of the Fourier transform). Let f € L'(R™) then

1. f > f maps the space LY(R™) into L®(R™), with

17llee < I1£11
2. f 18 continuous.
3. ]?(5) — 0 when |§| — 0 (Riemann-Lebesgue).
4. If we define 7, f(z) = f(x — h) for h € R", then

Zlrnfl(§) = e ™8 £ (),
Fle 2™em £](€) = 7_n f(6).
5. If 6o f (z) = f(azx) for a > 0, then
Z10af)(§) = a " f(a"E).

D

. Let g € L*(R™) then
FLf *91(§) = f(§) - 9(&)-

44
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7. Let g € LY(R™) then
f9w)dy = | 1))y,

Rn
Proposition A.1. Let 2 f € L'(R"). Then f is differentiable with respect to &, and
af .
9 (&) = F-2mimf1(©).
&k

Definition A.2. We’ll say that f € LP(R™) is differentiable in LP(R™) with respect to the
variable xy, if there exists g € LP(R™) such that

/ [z + heg) — f(x)

Y —g(x)
In this case, g is the partial k-derivative of f in the LP-norm.
Proposition A.2. If f € L'(R") and g is its partial k-derivative in the L'-norm, then

-~

9(&) = 2migr f(§)-
Proposition A.3 (Inversion Formula). Let ffe LY(R™), then

@) = / PTEOFE)dE, ae xR

Theorem A.2 (Plancherel). Let f € L'(R™) N L?(R™) then fe L*(R™) and
1fll2 = [1f1l2-

Now we introduce the Fourier transform in the context of temperated distributions.

Definition A.3. Let (v, 8) € (Z)*". Denote the seminorm [](,.5) by
[y = 12702 flloo-
We define the Schwartz space . (R™) by
S(R") ={p €C®R") : [plp < oo, V¥(np)e (27}
Let {¢;} C .Z(R™). We say that p; — 0 if, for all pair (v, B) € (ZT)*",

[goj](l,’ﬁ) —0, asj— oc.

dx — 0, when h — 0.

The Schwartz space is a Frechet space with the topology given by the family of semi-
norms ], 5), (v,8) € (Z+)*n,
Theorem A.3. The operator ¢ — @ is an isomorphism from . (R™) itself.
Definition A.4. We say that ¥ : S (R™) — C defines a temperated distribution, that is,
U e S'(R™) if

1. U is lineal.

2. U is continuous, i.e., if {¢;} C L (R") and ¢; — 0 as j — oo, then ¥(p;) = 0 as
j — oo.
Definition A.5. Let {¥;} C /'/(R"). We say that ¥; — 0 as j — oo if, for all ¢ €
Z'(R"),
Ui(p) =0, asj— oo
Definition A.6. Let U € ./(R™), we define its Fourier transform F[U] = ¥ € &' (R")
by
G(p) = U(@), for all p e S(R").

Theorem A.4. .Z : U — U s an isomorphism from S (R™) itself.
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A.2. The Calderén-Zygmund Theorem

The Calderén-Zygmund Theorem is a basic result in the theory of singular integrals. We
shall use it in the next section of the Appendix in order to prove the Littlewood-Paley
Theorem.

We begin by explain the Calderdn-Zygmund decomposition in the following Lemma.

Lemma A.6. Let f € L'(R") a non-negative function and A > 0. Then there exists a
sequence {Q;} of disjoint dyadic cubes such that

1. f(x) < Xae z¢ UQ]';
J
1
2. el < <IfIh:
J

3 a< [ f<omn
Q| Jo,

Proof. Let 2}, the family of dyadic cubes in the grille (27*Z)". We define

Evf@) = 3 (@ /Q f> Yol@).

Qe

We also define the maximal dyadic function by
Mgf(x) = Sup | Bk f(@)].

Now we may write

{w: Maf(x) > A} = [,
K

where
Qp ={z: Epf(x) > X, and E;f(z) < A for j < k}.

The sets 2, are disjoint, and such of them may be writen as the union of cubes of the
family 2, i.e.,

U =Ue

k J

where these cubes (); are which we are looking for. Then,
1
o Maf (@) > M| = Sl <33 [ B
k My
1
=2/ s

1
< Sl

This proves part 2. It is clear now that if f is continuous, then limg_,o, Fyf(x) = f(z) for
all z € R", and by density, if f € L'(R™) then

(A.2) kl;rgo Eif(z) = f(x) a.e.
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Note that if ¢ U;Q; then Ej;f(x) < A for all j, so by (A.2)) it follows part 1.
Finally, Q; takes part in the decomposition if the mean of f over @); is greater than A

(which is the first inequality of )., and the mean of f over the cubic Q; D Q;, with twice
the side of ), is less or iqual to A. Thus

B I PO
Q5| Jo, Qi1 1Q,] Ja,
]

Definition A.7. A Calderén-Zygmund operator T is a linear 0pemt07E| on R™ of the form

Tﬂ@:]WK@WV@Wy

for some (possibly distributional, possibly matriz valued) kernel K which obeys the bounds

1
A. K < -
(A3) K@l S =
and

1
A4 K <
(A4) VE@ | S

for all x #y. We also require that T be bounded on L>.
We know show the following version of the Calderén-Zygmund theorem.

Theorem A.5 (Calderén-Zygmund). If T' is a Calderdn-Zygmund operator, then T is
bounded on all LP(R™), 1 < p < co.

Proof. 1t suffices by duality to check the case 1 < p < 2, since the class of Calderdn-
Zygmund operators is self-adjoint. By the Marcinkiewicz interpolation theorem it suffices
to show that T' is week-type (1,1), i.e. that

(A5) s > 2y < M

To avoid irrelevant technicalities we shall only prove the one-dimensional case n = 1.
Using Lemma we obtain a sequence of disjoint intervals {/;} such that

(A.6) f(z) < X ae. xe}éQ:UIj;
J
(A7) R
1
(A.8) >\<|Ij|/jjf§2>\.

Now we split f as a sum of two functions g and b given by

flz) ifzdQ,

) = 1 / .
— | f ifxel.
1 /i, ’

!There are more general notions of a Calderén-Zygmund kernel, but we don’t need them in this work.

g(z
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1
Zb ) with b;(z) = (f(m)w/l

We shall estimate the left-hand side of (A.5]) by

{Tg = X2/2} + [ ZTbj\ > A/2}].

f> X1, (7).

We can estimate the first term using Chebyshev’s inequality by

{Tg > A2} S A72ITglz S A2llgllz < A2 Mgl lglloo-

From we see that [|bj|l1 < A|Lj|. Since f = g + b, we thus see from that
llgllh S I f]la- Also, from and the construction of the I; we see that ||g||cc < A. Thus
this term is acceptable.

Now we control the second term [{|>_; Tb;| > A/2}|. The function b is supported in
I; and has mean zero. We call y; for the center of the interval /;. By (A.4)) and the mean
Value theorem we have the estimates

Th;(z |—|/ K(z,y)dy|

—1 [ b)) - Ko

ly — y;
/ bl
]
1
dist(z, I;)?
1
] r—
S AL dist(z, I;)?’

S 1116711

whenever x ¢ 21;. Thus, outside the exceptional set Q* = | ;21 we have
170 L1 (m\0+y S AL
Then, by using (A.7]) we have

1Y Thjll i myary S £
J

and so this part is also acceptable by Chebyshev’s inequality:

I{IZTb\>/\/2}|<\Q*!+|{fv¢9* IZTb )| = A/2}]
SATF I+ XD Tl
j
SATIf Nl

This concludes the proof. O
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A.3. The Hardy-Littlewood-Sobolev Theorem

We begin by defining the Hardy-Littlewood mazximal function.

Definition A.8. For a given f € L}, .(R"), we define M f(x), the Hardy-Littlewood maxi-
mal function associated to f, as
1

— sup ———— d
MIE) =R 1B, ST

1
= ililg (’f * |BT(O)|XBT(0)> (z).

It’s easy to verify the next properties of M:
Proposition A.4. Let f,g € L} (R"), then

loc

1. M define a sublinear operator, i.e.,

IM(f +9)(@)] < IMf(2)] + [My(z)], a.e zeR"

2. If f € L>=(R™), then
M Flloe < 1]l

The following is a technical lemma needed in the proofs below.

Lemma A.7 (Vitali’s covering lemma; [13], page 33). Let E C R" be a measurable set
such that E C \J,, Br,(xa), with the family of open balls { By, (xq)}a satisfying sup, ro =
co < 0o. Then there erists a subfamily {B,;(x;)}; disjoint and numerable such that

[oe)
|E| <5™ > |By, (x)]-
j=1

Theorem A.6 (Hardy-Littlewood). Let 1 < p < co. Then M is a quasilinear operator
of type (p,p), i.e.
Ml < (11l

for all f € LP(R™), where the implicit constant depends on p.

Proof. Since ||Mflloo < ||fllso, by the Marcinkiewicz interpolation theorem it suffices to

show that M is of weak type (1,1), that is,

sup A - m(A, Mf) S |l flh,
A>0

where m(A\, M f) = [{x € R" : IMf(x)| > A}|. We denote in general
mO\ f) = |z € B |f(@)] > A} = |F)).
First, by Tchebyshev inequality,
m(\ f) < AR,

Now we define Eﬁ/tf ={z e R": Mf(z) > A}. Thus, if x € E}‘, then there exists B, (x)
such that

/ F@)ldy > AB,.(2).
By, (x)
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Clearly, we have that

EyiC |J Bn(@)
xGE}Af

By the Vitali’s covering lemma, there exists {Brxj (xj)} disjoint such that

|EMf|<5"Z|B (/)] < 5"A 12/ Yy < 53 7)1

Tz ('IJ
This completes the proof. O

Proposition A.5. Let ¢ € LY(R") be a radial, positive, and non increasing function of
r=|z| € [0,00). Then

Sy
/n Mf(y)dy < lolltMf(z).

(A.9) sup |y * f(x)| = sup s
t>0

t>0

Proof. We first assume that ¢ is a simple function
©) =Y arxs,, (@)
k

with a; > 0. Hence,

ox f(x Zak!Brk ( )’XBrk(O) * f(z) < |leliMf(z).

In the general case in which ¢ € L'(R"), take ¢, — ¢ a sequence of simple functions
satisfying the hypotheses. Since dilatations of ¢ satisfy the same hypotheses and preserve
the L' norm we can pass to the limit and obtain the desired result. O

We now show the result that gives name to this section.

Definition A.9. Let 0 < a < n. The Riesz potential of order o, denoted by I, is defined

as
(A.10) T f(x) = ca/ IO g s ().
re [T — Y|

Theorem A.7 (Hardy-Littlewood-Sobolev). Let o < a < m, and 1 < p < g < o0 such
that

1_1_«a

¢ p n
Then

1. If f € LP(R™) then is absolutely convergent a.e. © € R™.
2. If p > 1, I, is of type (p,q), i.e.,

HIaqu < Cp,a,anHp-
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Proof. We split the kernel s (z) = 2 (x) + £3°(z), where

Ko(x) if |x] <e,
%@_{ (z) if|al

0 if |z| > e,
with € to be choseen early. We have
[af(@)| < [rg * f(2)] + |k f(x)| = I+ I1.

The integral I represents the convolution of a function k0 € LY(R") with f € LP(R").
The integral IT is the convolution of a function f € LP(R™), II also converges with
Ko € g (R™). Therefore both integrals converge absolutely.

Also, using
€ ,.n—1
dy r dr — o
n—a _ tn n—a " = tn,at
yl<e lul o

and (A.9)), we infer that
1

|y|n—

1< (bt s *1f1) (@) < cone M (o)

On the other hand, by Holder’s inequality,

) 1/p'
1< canlfly | [ s
b ly|>e |y’(nfa)p
= Ca,n“f”p (/ r(n—a)p’ dT>

= Can€™" " flp:

Now we fix € = ¢(z) such that

ce® M (x) = eV ],
Using n/p’ — n = —n/p, this is equivalent to

M (@) = 7| f]],.
Combining these expressions, we obtain

Lo (@)] < ¢ (I lp(MF ()" Mf(a)

(A1) = el 7l (M (@)=

= c|[ 1% (Mf(2)' 7,

where 0 = ap/n € (0,1). Finally, taking L%norm in (A.11)) and using Theorem we
conclude

o fllg < el FIpIl Mg = el FIPIMEN ), < el fllps

since (1 —0)g = (1 — ap/n)q = p.
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A.4. Littlewood-Paley Theory and Multipliers

The Littlewood-Paley decomposition is a very basic way to carve the phase plane. There
is a certain amount of flexibility in how one sets up the Littlewood-Paley decomposition
on R™, but one standard way is as follows. Let ¢(£) be a real radial bump function such
that

{ supp ¢ C {{ € R ¢ [¢] <2},

P€)=1in{{eR": [¢ <1}

Let 1(§) be the function
(&) = ¢(&§) — ¢(29).

Thus v is a bump function supported on the annulus {1/2 < ¢ < 2}. By construction we

have
> w2 =1,

kEZ

for all £ # 0.
We define the Littlewood-Paley projection operators Py, P<j by

Pof(€) = w(e/28) f(€),
Porf(€) = 0(¢/29)F ().

Observe that P, = P<p — P<j_1. Also, if f is an L? function then

1P<fllo = 1P<kfll2 = l6(-/2%) fll2 = 0, as k — —oc

and
HPSkf - f”2 = ||¢(/2k)f— ﬂb —0, ask— oc.

Now we define the vector-valued function

1/2
Sf=(Pef)rez; |Sfl= <Z|Pkf|2> :
%

Here we can give the Littlewood-Paley inequality.

Theorem A.8 (Littlewood-Paley inequality). For any 1 < p < oo, we have

1S £l = 1 1P )21l ~ I £l
k

with the implicit constant depending on p.

Proof. We observe that S is a vector-valued Calderén-Zygmund operator with vector-
valued kernel

K(z,y) = 2" (2" (@ — y)))rez,

the decay properties 1j and 1} yields since @ is a Schwartz function. The L? bound-
ness come from Plancherel theorem, that allows us to write

1Fll2 ~ I 1Pef 1))z
k
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Then, from Theorem we have

1S£llp S N1l

for all 1 < p < co. We observe now that
S: P —  LP(I%)
fo— (Pef)rez;

while
S*. L) — L4

(fi)kez = D Prfr

where ;1) + % = 1. It’s clear that S and S* are adjoint operators. Then, by duality we also
have

15 fllp < 1 1lps
for all 1 < p < co. By untangling this, we see that

1Y Pefelly SUO 121
P

k

Similarly we have

1>~ Pefilly SN 1Al p,
k

k

where ﬁk = P§k+2 — ngfg.
We apply this with fr = Py f. Since Py P, = P, we obtain

11l S N 1221

k
which is the other half of the theorem. O

Remark A.1. Some easy consequences of the above theory are as follows. If for each £,
the operator Py is given by a bump function adapted to the annulus {|¢| ~ 2}, then

(A.12) IO 1B 2 S 11l
k

for all 1 < p < oco. A dual statement is that

(A.13) 1> Pefilly SN 1Al 21
k k

for all 1 < p < oo and arbitrary functions fy.
The following theorem is consequence of the Litlewood-Paley theory.

Theorem A.9 (Hormander, [9], page 162). Let m(&) € C*(R") with k = %]+ 1 be a
multiplier such that

(A.14) 1D m(&)| S 1€, for all [B] < k.

Let T, be the Fourier multiplier with symbol m:

T f (€) = m(©)f ().
Then, Ty, is bounded on LP for all 1 < p < oco.
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Proof. We have
Tn =Y PiTmPo =) PiQs,
k

kK

where Pk = PkTm and Qk = Ek72<k’<k+2 Pk/.
It can be seen, using the condition (A.14)), that the operator

S: 12 — L)
for— (Pflrez
is a vector-valued Calderén-Zygmund, and then, by (A.13) we have
1Y Befelly SUO 121
k k

Then, taking fr = Qxf and using (A.12)) we conclude that

IO 1QE 2y S 11l
k

Finally we enunciate a multiplier-theorem that we have used in the work.

Theorem A.10 (Coifman-Meyer, [6]). Consider an infinitely differentiable symbol o :
R™ — C so for all o« € N and all € = (€&1,...,&) € R™, there is a constant c() with

(A.15) 080(9)] < ela)(1+ J¢l) .

Define the multilinear operator A by

A(f1,- s f1)](2) =
(A.16) | ) ]
/Rnk et (e e ) - Ful&)dEr - - dep.

Suppose p; € (1,00),j =1,...,k, are such that

1 1 1 1
-—=— 4+ ——4+..- 4+ —<1.
b b1 D2 Pk

Then there is a constant C = C(pj,n,k,c(a)) so that for all Schwartz class functions

fl? ey fk;
(A.17) IACf1s - s fi)llr ey < Cllf1lle@ny - | frll Lox -

A.5. Sobolev Spaces and Fractional Leibniz Rules

Littlewood-Paley theory is especially good for dealing with spaces which combine L? type
norms with derivatives. The most commonly used family of such spaces are the Sobolev
spaces WP, In the case p = 2 these spaces are denoted by H®. The W*P are defined for
s€Rand 1 < p < co. When s > 0 is a non-negative integer, the spaces can be easily
defined by

[ lwsr =D 11V fllp

J=0
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When s = 0 we have WP = LP.

Before we define these spaces for non-integer s, we first try to rewrite the above defi-
nition in terms of Littlewood-Paley operators Py rather than derivatives V. We observe
that

Lemma A.8. Forany j >0 and 1 < p < oo, we have

IV £llp ~ 1 1275 Pef 1P) 2
k

From this lemma we easily see that

1 llwes ~ 1O 1@+ 25 PefP) 2]l

k

Note that the right-hand side makes sense for all s, not just integer s. Because of this, it
is natural to use the right-hand side to define the Sobolev space WP for all s.
Fractional Sobolev spaces are related to the notion of fractional derivatives. Recall

that e R

Vf(§) = 2mig f(§).
Because of this, it is natural to define the operator |V| by

IVIf(&) = 2m[&lf (),
and more generally |V|® for arbitrary s € R by

VIF(E) = @rle) F(&).

We define the homogenous Sobolev spaces by

1f s = 1V £l

and in the case p = 2 we denote them by H*.
One can connect the Sobolev spaces of a given integrability exponent p more tightly
by introducing modified fractional differentiation operators (V)* by

~

V)51 (€) = (2m€)* (&),

where the Japanese bracket (z) is defined by (z) = (1 + |x|>)}/2. It is easy to verify using
Littlewood-Paley theory that one has the estimates

[fllws ~ (V) fllp-

Now we enunciate a generalization of the well-known Sobolev embedding theorem:
Theorem A.11 (Sobolev embedding). Let 1 < p < g < 0o and s’ < s be such that

1 s—s 1

p n q
Then we have
1 llwas@ny S [ lwe.st gy
for all functions f for which the right-hand side is finite. (The implicit constant depends

/
Onp?Q)nvs’S)'
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The following proposition has been used in the work. We include it without proof.

Proposition A.6 (Hardy’s inequality; [19], page 334). If 0 < s < n/2 then

(A18) H|CE|_sfHL2(Rn) < Cs,n

|fHHs(Rn)-

In the last part of this appendix, we show the called fractional Leibniz rule. References
about these topics are [5], [12], and [20].

Proposition A.7 (Fractional Leibniz Rule). Let s € (0,1), 1 < r, p1, p2, q1, g2 < 00, and

suppose
1 1 1 1 1

r P @1 P2 Q2
Suppose that f € LPr, (V)5f € LP2, g€ L9, (V)*g € LY. Then (V)*(fg) € L" and

(A.19) KV ()l S Wl 1KV) gllar 4 11KV)° Fllpa 19l g

Proof. We consider the operators Py given by

Pef(6) = v (¢/29]1€),
with 1 a bump function supported in the annulus {1/2 < |£| < 2}. Recall that
> ow(g/2h) =1,
keZ

for all £ # 0. We also have seen that, by Littlewood-Paley theory, we have
(V)% hllp ~ 1 1(1+2%)° Peb?) 2],
k

for all h € W*P. N N
Define in the same way operators Py, from a bump function 1) identically one on {1/4 <
|¢] < 4} and supported on {1/8 < |§| < 8}. Consider

Qif = > Puf

k<j—3
Then we have
Prg - Qrf = Pe(Prg - Qrf)
for all f,g. Write
f9=>> Pug-Quf+> Puf-Qrg+ Y. Pif-Pg
k k

li—j]<2

- Zﬁk(Pkg SQrf) + Z Pu(Pef - Qrg)
k k

+ > Bu(Pf- Pg).

li—j]<2
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For the first term

IO 11+ 26)* Pe(Prg - Qe )2,

k

SIQ (ML +2%°Peg - Quf)*)2 s

k

SIQ_@+25% | Pagl? - (MS)H)V2s
k

SIMFllp (1 + 2797 Prg )2,

k
S Al [KV) gllg, -

The second term is the same, but with the roles of f and g reversed. For the third, when
li —j] <2, P,(P;f - Pjg) = 0 unless k < max(i, j) + 4. Thus

Q_(1+29%1P( Y Bf-Pg))'

k li—j]<2

SO_a+29*p, >0 (Bf-Pig))Y?
k li—j|<2
max(t,j)>k—4

S>> O A+ PP (P f - Pig)P)?

1>—6|m|<2 ]

S SN 2 (S 4202 Py (P f - Pig)[2) 2

I>—6|m|<2 J

The L™ norm is then estimated as above. O



o8

VicTOR ARNAIZ SOLORZANO

References

[1]
2]
[3]

[4]

BOURGAIN, J. Scattering in the energy space and below for 3D NLS.
J. Anal. Math. 75, (1998).

BOURGAIN, J. Global solutions of nonlinear Schridinger equations.
AMS Colloquium Publications, 46, AMS Providence, R.I., (1999).

CAZENAVE, T. Introduction to nonlinear Schrédinger equations.
Instituto de Matemé&tica—UFRJ. Rio de Janeiro, (1996).

CAZENAVE, T. AND WEISSLER, F.B. The Cauchy problem for the critical nonlinear Schrédinger
equation in H?®.
Nonlinear Analysis, Theory, Methods & Applications, Vol. 14, No. 10, (1990).

CHRIST, F.M. AND WEINSTEIN, M.I. Dispersion of Small Amplitude Solutions of the
Generalized Korteweg-de Vries Equation.
Journal of Functional Analysis, No 100, (1991).

CorFrMAN, R.R. AND MEYER, Y. Commutateurs d’integrales singuliéres et opérateurs mul-
tilinéaires.

Ann. Inst. Fourier (Grenoble) 28 (1978).

COLLIANDER, J., KEEL, M., STAFFILANI, G., TAKAOKA, H. AND TAO, T. Global Ezistence

and Scattering for Rough Solutions of a Nonlinear Schrédinger Equation on R3.
Communications on Pure and Applied Mathematics, Vol. LVII, Wiley Periodicals (2004).

COLLIANDER, J., KEEL, M., STAFFILANI, G., TAKAOKA, H. AND TAo, T. Almost con-
servation laws and global rough solutions to a nonlinear Schrédinger equation.
Math. Res. Lett. 9, (2002).

DUOANDIKOETXEA ZUAZO, J. Andlisis de Fourier.
Ediciones de la Universidad Auténoma de Madrid (1990).

GINIBRE, J. Introduction aux équations de Schrodinger non linéaires.
Cours de DEA 1994-1995, Paris Onze Edition, (1998).

GINIBRE, J. AND VELO, G. Scattering theory in the energy space for a class of nonlinear
Schrodinger equations.
J. Math. Pures Appl. 64, (1985).

KaTo, T. AND PONE, G. Commutator estimates and the Euler and Navier-Stokes equations.
Comm. Pure Appl. Math. 41 (1988).

LINARES, F. AND PONCE, G. Introduction to Nonlinear Dispersive Equations.
Springer. Universitext (2009).

OzawA, T. Remarks on proofs of conservation laws for nonlinear Schrédinger equations.
Calculus of Variations (2006).

STEIN, E.M. Singular Integrals and Differentiability Properties of Functions.
Princeton University Press, (1970).

STRAUSS, W. Nonlinear wave equations.
Regional Conference Series in Mathematics, 73, AMS, (1989).

STRICHARTZ, R.S. Restrictions of Fourier transforms to quadratic surfaces abd decay of
solutions of wave equations.
Duke Math. J. 44, no 3, (1977).

SuLEM, C. AND SULEM, P-L. The Nonlinear Schrodinger Equation.
Springer-Verlag New York Inc. Vol 139, (1999).

TAo, T. Non Linear Dispersive Equations. Local and Global Analysis.
CBMS. Regional Conference Series in Mathematics. Number 106. AMS (2006).



LOCAL AND GLOBAL ANALYSIS OF A NONLINEAR SCHRODINGER EQUATION ON R? 59

[20] TAYLOR, M. E. Tools for PDE. Pseudodifferential operators, paradifferential operators, and

layer potentials.
Mathematical Surveys and Monographs, 81. American Mathematical Society, Providence,

R.L (2000).

FAcuLTAD DE CIENCIAS
DEPARTAMENTO DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE MADRID



	§1. Introduction
	§2. The Linear Schrödinger Equation
	2.1. Basic Results
	2.2. Strichartz-type Estimates

	§3. The Nonlinear Schrödinger Equation
	3.1. Local Theory
	3.2. Conservation Laws
	3.3. Global Theory

	§4. The Cubic NLS Equation on R3
	4.1. Morawetz Interaction Potential
	4.2. Almost Conservation Law
	4.3. Global Well-posedness Theorem
	4.4. Scattering for the Solutions

	Appendix. Tools from Harmonic Analysis
	A.1. The Fourier Transform
	A.2. The Calderón-Zygmund Theorem
	A.3. The Hardy-Littlewood-Sobolev Theorem
	A.4. Littlewood-Paley Theory and Multipliers
	A.5. Sobolev Spaces and Fractional Leibniz Rules

	References

