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Abstract

The main objects of study in this thesis are parafree groups, although the theory
of pro-p groups plays a significant role. A finitely generated group G is termed
parafree if

(i) there exists a free group F' which has the same isomorphism types of nilpotent
quotients as G; and

(ii) G is residually nilpotent.

There are two original results in this thesis. On the one hand, we can completely
describe which free products of finitely generated groups, with abelian amalgams,
are parafree. Secondly, we can characterise more precisely which abelian HNN ex-
tensions of finitely generated groups are parafree.

The latter is not an explicit description, although it can still describe, as a
corollary, which abelian HNN extensions of finitely generated groups G, with two-
generated abelianisation G/[G, G|, are parafree.
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Chapter 1

Introduction

In this thesis we study groups that resemble free groups in terms of their residual,
cohomological and structural properties.

There has been much research in group theory around comparing infinite groups
by the study of some of their quotients. A famous open problem is the following.

Remeslennikov’s Question: Given a finitely generated free group F' and a
finitely generated residually finite group G having the same isomorphism types of
finite quotients, does it follow that F' = G?

One can pose this question in more general terms. A variety of groups C is a
collection of groups closed under taking subgroups, quotients and direct products.
A group G is said to be residually-C if for every 1 # g € G there exists a normal
N < G such that ¢ ¢ N and G/N € C. This way, one can ask whether every
two finitely generated residually-C groups having the same isomorphism types of
quotients and belonging to C are necessarily isomorphic.

The problem of Remeslennikov is conjectured to have positive answer. However,
for other varieties of groups, such as the variety of nilpotent groups or finite p-groups;
the analogous question is known to have negative answer.

We say that two groups G and H have the same nilpotent genus if they have
the same isomorphism types of nilpotent quotients. Even if it does not follow that
G = H, one can still ask which properties must G and H share.

Bridson and Reid [7] solved a few problems posed by Baumslag regarding the
previous question; and these results exhibit the possible divergence between groups
G and H having the same nilpotent genus. For example, they show that there exist
two pairs of finitely generated residually-(torsion-free nilpotent) groups H — G
with the same nilpotent genus such that: for the first pair, G has solvable conjugacy
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problem while N does not; and, for the second pair, GG is finitely presented while
Hy(H, Q) is infinite-dimensional.

The case we study in this thesis corresponds to one of the groups being free. A
finitely generated group G is said to be parafree if it is residually nilpotent and
has the same nilpotent genus as some free group. Equivalently, a finitely generated
residually nilpotent group G is parafree if there exists a free group F' such that, for
all k, G/v,.G = F/yF.

Baumslag introduced this class of groups. He gave many examples of non-free
parafree groups [3] and he also studied some of their key structural properties [4].
As opposed to general pairs of finitely generated residually-(torsion-free nilpotent)
groups of the same nilpotent genus, parafree groups are expected to share many
properties of free groups. We can mention a few. The Parafree conjecture, which
appears in Kirby’s list [31, Problem 3.78|, expects Hs(G,7Z) to vanish if G is parafree.
It is also conjectured that parafree groups have cohomological dimension at most
two. However, these problems are particularly difficult keeping in mind we do not
even know if (finitely generated) parafree groups are finitely presented.

In this thesis we do not address these questions. We are concerned with the
construction of parafree groups. Most known examples of parafree groups essentially
fall into one of two classes of groups, namely

(a) amalgamated products of a parafree group and Z; and

(b) cyclic HNN extensions of free groups.

Our purpose is to describe which abelian HNN extensions of parafree groups and
which free products of parafree groups with abelian amalgams are still parafree. We
should remark that two-generated subgroups of parafree groups are free, so non-
trivial abelian subgroups of parafree groups are isomorphic to Z.

Given a group G, we denote by r,,(G) the minimal number of generators of its
abelianisation G,, = G/[G, G]. We name r,,(G) the abelian rank of G.

There are two original results in this thesis. In regard to amalgamated products

of parafree groups, we prove the following (theorem 9.1.1).

Theorem (Parafreeness of amalgamated products with cyclic amalgam).
Let U and V be finitely generated groups. Let 1 # v € U and let 1 # v € V.
Consider the following amalgamated product of cyclic amalgam

UxV
((w=1))

Then W is parafree if and only if the three following conditions hold:

W=U x V=



1. The groups U and V' are parafree.
2. The element uv~! of U * V is not a proper power in the abelianisation.

3. At least one of u or v is not a proper power in U or V', respectively.
In this case, W is parafree of abelian rank r,,(U) 4 rp (V) — 1.

In regard to HNN extensions of parafree groups, we prove the following (theo-
rem 9.2.1).

Theorem (Parafreeness of cyclic HNN extensions). Let U be a finitely gen-
erated group. Let w,v € U \ {1}. Consider the following cyclic HNN extension of

U
U x (t)

((tut=to=1))"
Then W is parafree if and only if the four following conditions hold:

W =

1. The group U is parafree.

1

2. The image of uv™" is not a proper power in U,y,.

3. At least one of u or v is not a proper power in U.

4. The image of u is non-trivial in some finite nilpotent quotient of U.
In this case, W is parafree of the same abelian rank as U.

The fourth property of the previous theorem may be, in general, difficult to
check. However, for parafree groups of abelian rank 2, this can be reformulated in
very simple terms (corollary 9.2.5).

Theorem (Parafreeness of cyclic HNN extensions of groups with abelian
rank 2). Let U be a finitely generated group of abelian rank 2. Let u,v € U\ {1}.
Consider the following cyclic HNN extension of U

U x (t)
((tut—1v=1))"

Then W is parafree if and only if the four following conditions hold:

1. The group U is parafree.

1

2. The image of uv™" is not a proper power in U,y,.
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3. At least one of u or v is not a proper power in U.

4. The images of u and v generate a subgroup isomorphic to Z2 in U,y,.
In this case, W is parafree of abelian rank 2.

The methods that we use to prove these results mainly rely on the theory of
group rings of residually-(torsion-free nilpotent) groups and a dimension theory on
their modules, for whose required computations and estimations we shall use the
theory of L2-Betti numbers. A combination of these ideas lead to a criterion for
constructing embeddings of abstract groups into free pro-p groups (theorem 9.0.1.
This criterion was developed by Jaikin-Zapirain [26] to embed finitely generated
subgroups of free Q-groups into free pro-p groups. The aforementioned theorems
for characterising parafree amalgamated products and HNN extensions are studied
in more depth and extended to the more general context of fundamental groups in
[29], where we prove the following.

Theorem (Corollary 1.4, [29]). Let (G,I") be a graph of groups over a finite graph
I whose edge morphisms are injective. Let W = 7(G,T") be its fundamental group.
Assume that all vertex subgroups G(v) (v € V(I')) are finitely generated and all
edge subgroups G(e) (e € E(I')) are cyclic. Then W is parafree if and only if the
following four conditions hold.

1. All the vertex subgroups G(v) (v € V(I')) are parafree.

2. The abelianisation of W is torsion-free of rank

r(W) = D ra(G0) = Y ran(G(e)) — x(T),

veV(D) e€E(T)
where x(I') = |V(T")| — |E()|-1.
3. All the centralisers of non-trivial elements in W are cyclic.
4. For each non-trivial edge subgroup of G(e) (e € E(I")) there is a finite nilpotent

quotient of W where the image of this edge subgroup is non-trivial.

We would like to conclude this introduction by pointing out a recent develop-
ment [25] which shows in particular that in order to give a positive solution to
Remeslennikov’s problem, it suffices to rule out non-free parafree groups.
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1.1 Structure of the exposition

e Chapter 1: We briefly introduce the problem of constructing parafree groups
and we overview our two main results of the thesis. In section 1.2, we fix some
conventions that will be followed during the whole text.

e Chapter 2: We discuss some important classes of groups in terms of their
structural and residual properties in order to compare them, later on, with
parafree groups.

e Chapter 3: Here we review two old applications of Bass-Serre theory on
the structure of elements and subgroups of amalgamated products and HNN
extensions.

e Chapter 4: We introduce profinite groups and we give some tools to study
pro-p groups. We precise the notion of free product in the category of pro-p
groups to give more explicit descriptions of pro-p completions of amalgamated
products and HNN extensions in terms of the pro-p completions of the factors
during section 4.3.

e Chapter 5: Here we collect some known examples of parafree groups. We
give a pro-p reformulation of the property of having the same nilpotent genus
as a free group in proposition 5.2.2. In our applications, we work with this
viewpoint.

e Chapter 6: Here we recall some standard properties about the augmentation
ideals, with the aim of applying the main result of the chapter (lemma 6.3.1) to
groups that arise as the construction of an amalgamated product or an HNN
extension.

e Chapter 7: A more sophisticated and concrete version of the previous lemma 6.3.1
requires developing further the theory of certain groups rings and a dimension
theory on their modules. The main results are corollary 7.5.4, proposition 7.6.8
and proposition 7.6.10.

e Chapter 8: We introduce some techniques of L?-Betti numbers that will be
required to estimate dimensions of modules related to augmentation ideals.
The main result is corollary 8.2.3.

e Chapter 9: Here we start introducing the main tool for constructing em-
beddings of abstract groups into pro-p groups (theorem 9.0.1), which is a
sophisticated version of lemma 6.3.1 mixed with the methods of Chapters 7
and 8. This will be applied to the settings of amalgamated products and HNN
extensions of parafree groups. The main results are theorems 9.1.1 and 9.2.1.



6 CHAPTER 1. INTRODUCTION
1.2 Notation and conventions

We remind a few basic definitions and we set several conventions which are worth-
recalling because some of them are not standard.

1. All of our rings R will be associative and unitary. All ring homomorphisms
will map 1 — 1. We denote by R* or R* the multiplicative group of units of
R. All of our modules will be left modules if there is no explicit mention.

2. Given a group G, we will denote by G, = G/[G, G| its abelianisation and by
G’ = |G, G| its commutator subgroup (also known as the derived subgroup).
The p-abelianisation of G is the quotient G/GP|G, G], which is isomorphic to
both H,(G,F,) and H'(G,F,).

3. Given a word w € F),, where F}, is the free group considered with free gen-
erators 1, ...,T,; we denote w,, € Z to be defined in such a way that the
canonical image of w in the abelianisation Z" of F,, is (wy,,...,ws,) € Z".

4. We denote by k a commutative ring. We are particularly interested in £ = I,
and k = Z.

5. Given a set S, we denote by kG the free kG module with a basis {e,}scs
indexed by S.

6. Given a group G, we denote by Gy or v,G (resp. Gy, or v ,G) its lower cen-
tral series (resp. its p-lower central series). These are defined recursively
as follows: G1 = G, = G and, for n > 1,

Gn—i—l = [Gna G]a Gn+1,p - Gﬁ[Gna G]

If G = F is free, we might denote G} by G() in order to avoid confusion,
because we leave the notation Fj, for the free group on k£ generators. We refer
to the quotients G/Gj (resp, G/Gy,p) as the lower central quotients (resp.
p-lower central quotients) of G.

7. Whenever we say that a map is natural we mean that it is functorial. This
is of particular importance in homological arguments. On the other side, we
say that a map, or other mathematical object, is canonical if it does not rely
on a particular choice of generators or data. Sometimes, a map can be both
canonical and natural. For example, given R-vector spaces U and V', U % Vis

canonically isomorphic to V' ® U; although this isomorphism is also natural.
R
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. The group Z, is the group of p-adic integers. The letters F, G, H, N will

denote pro-p groups. We reserve F to denote a free pro-p group. The free
group of rank n will be denoted by F,,.

. Let G be a group. We denote its rank by

d(G) = inf{m : there exists a generating set of G with m elements} € Z>oU{co}.

We denote its abelian rank (usually named para-rank or parafree rank) by
Tan(G) = d(Gap).
If G is a profinite group, we also denote
d(G) = inf{m : G admits a topological generating set with m elements}.

We say that G is topologically finitely generated, or simply that it has finite
rank, if d(G) < oo.

Given a pro-p group G of finite rank, we denote by %gp )G its p-lower cen-
tral series. These are defined recursively by %p )G = G and 77(1’21(} =
GP? [G,%(f )G] for n > 1. These are open normal subgroups of G. Similarly,
we denote by 7, G the lower central series of G, which are defined recur-
sively by 1G = G and 441G = [1+G, G| for £ > 1. These are closed normal
subgroups of G.

Given a group G of the form F}, Z" or F},; and a subset S C G; we say that
S is primitive if it is part of a generating set of n elements. If G = F,, then
we say S C G is primitive if it is part of a topological generating set of n
elements.

Given a group G, we denote by ®(G) its Frattini subgroup.
Given an abstract group G, we denote its pro-p completion by Gj.

Given a pro-p group G, we will write H <, G if H is an open subgroup, and
N 4, G if N is a normal open subgroup.

A variety of groups will always be denoted by C and C, denotes the variety
of finite p-groups.
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Chapter 2

Some special classes of groups

In this chapter, we simply review a few characteristic properties of three classes of
groups; namely free groups, surface groups, nilpotent and residually-(torsion-free
nilpotent) groups.

Free groups are our starting point. Their subgroup structure is particularly
well-understood; and so are their residual and cohomological properties.

Theorem 2.0.1 (Schreier’s index-rank formula). Let H be a subgroup of F,, of finite
index k. Then H is a free group of rank equal to k(n — 1) + 1.

This fundamental property can be proven by combinatorial methods ([36, Propo-
sition 3.9]) and also using more sophisticated tools: by covering space theory (|39,
Chapter 4, Section 5|) and by Bass-Serre theory (|13, Theorem 1.2, Chapter II]. We
will see that surface groups also enjoy a similar property. However, the feature of
free groups we are most interested in is the following.

Theorem 2.0.2 (Magnus). Free groups are residually-(torsion-free nilpotent).

Proof. Since free groups are residually-(finitely-generated free groups), it suffices
to prove the statement for finitely generated free groups F),. On the one hand, a
result of Magnus states that F, /v, F, is torsion-free for all m. We can prove this
inductively. The induction base m = 1 is trivial and F}, /7,41 F, fits into a short
exact sequence

11— — — — 1.
’Ym—l—an 7m+1Fn /Yan

The first group is a torsion-free abelian group freely generated by basic commuta-
tors. This is a consequence of the normal form of elements of F,,/v,,F, (described,

9
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using the collecting commutator process, in |20, Chapter 11|, for example). By the
inductive hypothesis, F}, /v, F, is also torsion-free, so F,, /v, 11F, is torsion-free.

It rests to verify that F), is residually-nilpotent. One argument consists on con-
sidering an embedding F,, — Q((X1, ..., X,,))*, where the last group stands for the
unit group of the ring Q((Xj,...,X,)) of power series in non-commuting indeter-
minates Xi,...,X,, with coefficients in Q. This embedding is defined by taking
free generators z; to 1 + X, respectively. One would then notice that non-trivial
elements of ~,, F}, embed into elements of the form 1+Zi1,...,ik;k2m @iy Xiy - Xy s
or, in other words, of the form 14 (power series supported in monomials of degree
> m). This is an standard argument originally due to Malcev and the last claim
can be easily verified inductively (see [44, Section 6] for details).

An alternative way to check that F), is residually nilpotent is using the fact that
F,=%F, 2 vF, 2 2.1 F, D ... is an strictly decreasing chain that verifies
that 7,41 F), is characteristic in ,, F,, for all m. By [45, Theorem 5|, its intersection
M, Ym Fr is trivial. O

By proposition 2.2.4 and the previous theorem, free groups are also residually-p
for every prime p. The two ways to establish the residual nilpotence of free groups
that we discussed during the proof of theorem 2.0.2 are purely algebraic. One can
use covering space theory methods to directly prove that free groups are residually-p
for every prime p (see [47, Section 3.2|).

A deep defining theorem of free groups due to John R. Stallings and Richard Swan
states that free groups are exactly the abstract groups of cohomological dimension
1. During section 4.5, we will establish the analogous principle for pro-p groups,
which is significantly simpler.

2.1 Surface groups

Fundamental groups of connected and compact surfaces are called surface groups.
From the classification of these surfaces, one can write down a classification of such
groups. Furthermore, from their topological description as fundamental polygons,
the classification of surface groups is precised in terms of their presentations. Non-
closed surfaces (those with non-empty boundary) have free fundamental group and
closed surfaces can be classified as follows.

Theorem 2.1.1. The fundamental group of the closed orientable surface of genus

g > 0, denoted by Xy, s

7]-1(2_(]) = <LU1, o 7'rg7y17 e 7yg : [‘rlayl} e [xg7yg] = 1)
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The fundamental group of the closed non-orientable surface of genus g > 1, denoted
by Sy, is

’/Tl(Sg) = <.’IIZ'0,£L'1,...,.’L'9 : ,’L’%x%:ti — 1)

Remark 2.1.2. Directly from their presentations, one can compute the abelianisa-
tion of a surface group. For example, let G = m(%,), then

G/|G,G) = 7.
If G =m(S,), then
G/|G,G| =79 x7)2.
In particular, their first Betti numbers (see definition 8.0.1) are by (m1(X,)) = 2¢ and

b1(m1(Sy)) = g

Interestingly, it is still fruitful to consider them as fundamental groups of a
geometric object because this way one can understand their subgroups using covering
space theory, as one does for free groups.

Theorem 2.1.3. Let S be a closed surface and let G be its fundamental group. Let
H be a subgroup of G. There are two cases:

o If H is has finite index in G then H = 7r1(§), where S is a closed surface of

-~

Euler Characteristic x(S) = |G : H| x(S5).

e [f H has infinite index in G, then H is free.

Using covering space methods one can also verify residual properties of surface
groups (see, for example, [21]).

Proposition 2.1.4. Surface groups are residually finite.

The previous result admits another proof in the orientable case since Fricke and
Klein proved that m1(X,) has a faithful representations in PSLy(C) and, by a result
of Mal’cev, we know that PSLy(C) is residually finite.

Baumslag established only by purely algebraic means the following much stronger
property in [2].

Proposition 2.1.5. Surface groups are residually free.
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2.2 Nilpotent groups

Since parafree groups are residually nilpotent groups, it would be convenient to
collect here some properties of this class of groups.

For a thorough introductory development of the theory of nilpotent groups, we
recommend the book of M. Hall [20, Chapter 10|, which contains proofs for most of
the results we are about to mention. The proofs of the residual properties of these
groups use an standard inductive argument on the Hirsch length.

Proposition 2.2.1. The following is true.

1. Finitely generated nilpotent groups are polycyclic.
2. Polycyclic groups are residually finite.
3. Finitely generated residually finite groups are Hopfian.

Remark 2.2.2. The Hopf property can be used to check whether a surjective map
is injective. For example, if GG is a Hopfian group; and f : G — H and g : H — G
are surjective group homomorphisms; then both f and g are isomorphisms. This is
due to the fact that go f is a surjective endomorphism of G. By the Hopf property,
g o f must be injective. Since f is surjective, the previous implies that f and g are
injective.

We should still remark that finitely generated nilpotent groups are a much more
particular class of groups than the class of finitely generated residually finite groups.
In fact, they are closer to finitely generated abelian groups. In this sense, a different
explanation for the Hopf property of finitely generated nilpotent groups G can be
given by means of the Noetherian condition. R. Baer proved that any subgroup of
G is finitely generated |9, Theorem 2.18]. From this, it directly follows that G is
Hopf.

The following is a consequence of the Burnside Basis Theorem for nilpotent

groups.

Proposition 2.2.3. Let G be a nilpotent group. Then [G, G| C ®(G). In particular,
if a subgroup H < G verifies that H [G, G| = G, then H = G.

Parafree groups are not only residually nilpotent but also residually-(torsion-free
nilpotent). This is due to the fact that, when F' is free, the quotients F/~,F are
torsion-free nilpotent.

In addition, this proves that parafree groups are residually-p for every prime p.
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Proposition 2.2.4 (Theorem 2.1, [19]). Finitely generated torsion-free nilpotent
groups are residually-p for every prime p.

The class of residually-(torsion-free nilpotent), which includes parafree groups,
locally resemblances the family of groups Z" and, as such, they fall into other inter-
esting classes of groups. They are both orderable and locally indicable.

Definition 2.2.5. A group G is orderable if there exists an order relation < on
G with the property that, for all r, s, t, if r < s, then rt < st and tr < ts. A subset
S C (@ is said to be well-ordered if every subset of S has a minimum. We denote
this < a group order on G.

There is a simpler way to codify a group ordering, with the concept of positive
cone.

Lemma 2.2.6. A group G is orderable if and only if there exists a subset P C GG
such that {P, P~'} is a partition of G \ {e}, P- P C P and gPg~' C G for every
g€ qG.

Proof. Given an order < on G, we can take the positive cone P = {g € G : 1 < g}.
Reciprocally, given such subset P, we can define z < y if 7'y € P. We write x < y
if x =y or x < y. This defines an order on G. [

Lemma 2.2.7. Suppose that a group G has a central subgroup N < G such that
both N and G/N are orderable. Then G is orderable.

Proof. We use lemma 2.2.6. Consider the canonical projection p : G — G/N.
Given the positive cone Py for an ordering of H and the positive cone P}, for an
order on G/H, we can simply take P = Py U p~'(P}) as positive cone to define an
order on G. [

We can now prove that finitely generated torsion-free residually nilpotent groups,
and groups that are locally or residually of this way, are orderable.

Proposition 2.2.8. Torsion-free nilpotent groups are orderable.

Proof. Let G be torsion-free nilpotent. By an standard compactness argument, it
suffices to check that G is locally orderable. We will now prove the statement for
finitely generated torsion-free nilpotent groups by induction on their Hirsch length.
The only such groups of Hirsch length at most 1 are the trivial group and Z, both
orderable. Now let H < G be a finitely generated subgroup. There is a finite normal
series

1=Go <G <---4G, =G,
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where Gy /Gr_1 = Z and Gy /G4 C Z(G/Gk_1) for all 1 < k < m. This m is the
Hirsch length of H and this group is the central extension of Gy = Z by G /G, both
orderable by the induction hipothesis. So H is orderable by lemma 2.2.7. [

Proposition 2.2.9. Residually-(torsion-free nilpotent) groups are orderable.

Proof. Consider
W ={N <G :G/N is torsion-free nilpotent}.

We endow W of a well order. For each N € W, we endow G/N of a group ordering.
The group [[ye G/N has a natural group order with respect to the lexicographic
order on W and the coordinate-wise order on each group G/N. The latter order
exists by proposition 2.2.8. The restriction of this order to its subgroup

G— ] G/

NeWw

proves that G is orderable. O

A simple observation is that these groups, namely residually-(torsion-free nilpo-
tent) groups, are locally indicable!.

Definition 2.2.10. We say that a group I' is locally indicable if every finitely
generated nontrivial subgroup has an epimorphism onto Z.

In fact, orderable groups are locally indicable. However, we prefer not to mention this because
local indicability follows directly from the structure theory of finitely generated nilpotent groups,
as depicted in the proof of proposition 2.2.8.



Chapter 3

Bass-Serre theory

We introduce one of the most fundamental and elementary tools of the Bass-Serre
theory, namely the characterisation of free groups in terms of their action on graphs.

Theorem 3.0.1 (Reidemeister). A group G is free if and only if it acts freely on a
tree.

Proof. Omitted. This is a direct consequence of the structure theorem of groups
acting on graphs. The reader is referred to |13, Theorem 1.1, Chapter II]. ]

A direct consequence is the following.

Corollary 3.0.2. A subgroup of a free group is free.

A fundamental object in Bass-Serre theory is the notion of graph of groups (G, Y);
its associated tree; and its associated fundamental group m(G,Y’), which is a type
of “free construction”. With these tools, one can prove that many subgroups H <
m1(G,Y); such as those that act freely on the corresponding tree; are free. However,
we will not need to work in such generality. We will simply revise some properties
of two concrete examples, namely amalgamated products and HNN extensions. The
families of free groups we previously referred to are collected in corollaries 3.0.6 and
3.0.12.

Amalgamated products

Definition 3.0.3. Let 6 : A — G and w : A — H be two group monomorphisms.
We define its corresponding amalgamated product, denoted G * H, by the group

GxH=Gx H/ ((0(a)w(a) ™ a € A)).

15
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We can give an explicit description of the elements of the group G * H.

Proposition 3.0.4 (Britton’s lemma. Normal form of elements in amalgamated
products). Let § : A — G and w : A — H be two group monomorphisms. Let
G (resp. Hj) be a set right-coset representatives of §(A) (resp. w(A)) such that
1 € Gy (and 1 € Hy). Then any element g € G * H can be uniquely written in the

form
agr - Gn,

where a € A, and 1 # g; € G; U H; are such that they alternate from H; to G;. In
other words, g; € H; implies that g;11 € G, and vice versa.

A particular implication of this lemma is that both G and H canonically embed
into G * H.

Corollary 3.0.5. Let § : A — G and w : A — H be two group monomorphisms.
Let n > 1 and consider an element g € G * H of the form

g=29og1 - Gn;
where g; € GUH, g, ¢ H if k > 0; and the g; alternate from G to H. Then g # 1.

Corollary 3.0.6. Let F' be a subgroup of G * H that intersects trivially any conju-
gate of G or H. Then F'is free.

HNN extensions

Here we introduce an important construction in group theory, named HNN ez-
tensions. It was introduced by Graham Higman, Bernhard Neumann, and Hanna
Neumann. As the amalgamated products, they naturaly arise when taking the fun-
damental group of a certain topological construction. We will see that they also
have a normal form theorem.

Definition 3.0.7. Let 6 : A — G be a group monomorphism. We define the HNN
extension of G over A with respect to 6 as the group

(G,t:tat™" =0(a), a € A) 2 G * (t)/{{tat"'0(a) ™", a € A)).

When the monomorphism 6 is understood from the context, this is simply denoted
by G;I; and the letter t is called stable letter.
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Proposition 3.0.8 (Britton’s Lemma. Normal form of elements in HNN exten-
sions). Let 8 : A — G be a group monomorphism and let A;, A_; be, right-coset
representatives in G of the subgroups A and 0(A), respectively. Any element g € G *

can be uniquely represented as a product

Got g1 - " Gn,

where g € G; ¢, € {—1,1}; gs € A\ {1} ife; =1; g, € A1\ {1} if &, = —1; and
g =i if gi = 1.

In particular, G embeds into G;I;.

Corollary 3.0.9. Let 6 : A — G be a group monomorphism. Let g € G’j be an

element of the form
ot g1 - 7" gn,

where go € G, €; € {—]., ].}, gi ¢ A if € = —&jyr1 = ]., and g ¢ G(A) if & = —&j11 =
—1. Then g # 1.

Some classical and important examples of HNN extensions are the Baumslag-
Solitar groups B(n,m) = (z,y|yz"y~! = ™).

1
Z, with ¢ : Z — Aut Z[-=] given by ¢(n)(a) = nma for every n € Z, a € Z[=]. Tmhey

are isomorphic via the isomorphism that maps x — (1,0) and y — (0, 1).

Example 3.0.10. The group B(1,m) = (x,y | yxy~' = ™) is isomorphic to Z[ ] x

Example 3.0.11. The groups B(n,m), for n,m > 2 coprime, are more interesting.
One can prove that in these groups are not Hopf. In fact, the endomorphism given
by x — 2" and y — y is surjective, since it contains 2", 2™ = ya2"y~ ' and y, though
it is not injective, since 1 # [z, yxy~'] belongs to the kernel. Since they are finitely
generated and not Hopf, then these groups are not residually finite and hence not
parafree.

Corollary 3.0.12. Let H < G: be a subgroup such that H intersects trivially all
the conjugates of G. Then H is free.
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Chapter 4

Profinite groups

Let I be set of subscripts with a partial order > such that for every 7,5 € I, there
exists k € I such that £k > 7 and £ > j. An inverse system of groups is a
collection of groups G; together with a collection of maps {¢;; : j > ¢ € I} such that

1. For every j > i, ¢j; : G; — G is a group homomorphism.
2. For every i, ¢;; = idg,.

3. For every k > j > i, ¢p; = ¢ji © Qpy-

The inverse limit of this inverse system of groups, denoted by I'Lnie ; G, is defined
by

el icl
The group operation on @Gi is inherited from the natural group structure of
Hie[ Gi.

A profinite group is an inverse limit of finite groups and they arise naturally
in infinite Galois theory. It can be seen that an automorphism of Q restricts to an
automorphism of each finite Galois extension L/Q. Reciprocally, an automorphism
of Q is made out of elements of the groups Gal(L/Q). However, Gal(Q/Q) is
not the whole [[; Gal(L/Q), since the later collections of automorphisms should
satisfy some consistency conditions in the form of (4.1) to be the restrictions of an
automorphisms of Q. More precisely, the absolute Galois group Gal(Q/Q) of Q
would be a profinite group, seen as the inverse limit of the finite groups Gal(L/Q),
where L/Q ranges over finite Galois extensions with partial order £ O L and with
restriction homomorphisms rgy, : Gal(£/Q) — Gal(L/Q).

19
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From the point of view of category theory, the group lglGi, endowed with the
canonical projections ¢; : limG; — G, is defined by the following universal
property: For any group é and any group homomorphisms 1; : G — G; such
that, for any k > j, the diagram

is commutative; there exists a unique group homomorphism ¢ : G — l'&nGi such

that the diagram
>

Yk

G

(4.2)

is commutative. This gives us a practical way to construct homomorphisms between
profinite groups from first principles.

On the other side, profinite groups also have a rich structure as topological
groups. We equip the groups G; with the discrete topology, the group [ G; with
the product topology and the inverse limit I’&HG,- with the subspace topology. As
an application of Tychonoft’s theorem, these groups are compact. This topology on
%nGi is named the profinite topology; and, in the context of Galois theory, the

rull topology; which is crucial in the Fundamental Theorem of Galois theory.

Going back to the universal property of the diagram (4.2), if the initial G is a
topological group and the maps v, are continuous; then the resulting v : G —
@Gi would be continuous, too.

In the class of topological groups, there are three defining properties of the sub-
class of profinite groups, namely being Hausdorff, compact and totally disconnected.
In particular, these are far from most topological groups that arise in geometry.

The richness of profinite groups lies in the interface of their algebraic and topo-
logical features. Our main interest in these groups is that their structure captures
residual properties of abstract groups in the form of profinite invariants.



21

We now extend upon the latter remark. A variety of groups is a class of groups
C that verifies the following conditions.

1. (Closed under isomorphism types) If C; = Cy and Cy € C, then C; € C.
2. (Closed under direct products) If Cy, Cy € C, then C; x Cy € C.
3. (Closed under subgroups) If ¢} < Cy and Cy € C, then C € C.

4. (Closed under quotients) If C; is a quotient of Cy and Cy € C, then C; € C.

A few examples are the varieties of finite groups, finite p-groups, nilpotent groups
and soluble groups.

Let C be a variety. A pro-C group is an inverse limit of groups belonging to C.
We describe the most important examples of pro-C groups. Let GG be an abstract
group. Then the pro-C completion of G, denoted by Gg, is the inverse limit of
the system of groups

(N<G:G/N ec),

with containment C as partial order and canonical group homomorphisms ¢, n, :
G /Ny — G/Ny whenever N; C Nj.

If C is a variety of finite groups, then G is an inverse limit of finite groups in C
and it is also endowed with the profinite topology. If C = C, is the variety of finite
p-groups, we denote its pro-C completion by G5 = G5 and we name it the pro-p
completion of G.

One could also consider pro-C completions of varieties which contain infinite
groups, such as the variety of nilpotent groups; although these completions lack an
interesting topological structure.

We say that a group G is residually-C if the intersection of normal subgroups
N < G with G/N € C is trivial. In other words, G is residually-C if for every
1 # g € G, there exists a group homomorphism f : G — C, with C € C, such that

flg) # 1.

Proposition 4.0.1. Let C be a variety. The following is true:

e There is a natural and canonical group homomorphism ¢z : G — Gg5. This
map injective if and only if G is residually-C, and it is bijective if and only if

G elC.
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o If h: G — K group homomorphism and K is a pro-C group, then there exists
a group homomorphism hs : Gz — K such that the diagram

G h
e N
é ——}ECA— - K

1s commutative.

o If f: G — H is a group homomorphism, there exists a group homomorphism
fz: Gg — Hpg such that the diagram

G L .m
e e
GCA --]—CCA——> HCA

1s commutative.

e If, in addition, C is a variety of finite groups, then ¢z has dense image and the
maps hg and fz can be chosen to be continuous in exactly one way.

When we work in the category of pro-p groups, the maps ¢z, hz and fz of propo-
sition 4.0.1 will be denoted by t5, hy and f5, respectively. We observe that Gg is
residually-C. In order to inspect the isomorphisms types of quotients of G belonging
to a certain variety C; or to study whether G is residually-C; it is natural to consider
its pro-C completion Gg.

Theorem 4.0.2 (Dixon, Formanek, Poland, Ribes [16]). Let C be a variety of finite
groups. Two abstract groups I' and A have the same class of isomorphism types of
quotients belonging to C if and only if Iz = Ag.

We remark that whenever we talk about morphisms between inverse limits, we
talk about group homomorphisms; and, if these are also profinite, we addition-
ally require morphisms to be continuous maps. All group homomorphisms between
profinite groups in this exposition will be naturally continuous. Still, it is worth
mentioning that sometimes this is not really an issue. For instance, since profi-
nite groups are compact and Hausdorff, the inverse of a continuous bijective group
homomorphism will always be continuous.

There are deeper principles in regard to the algebraic and topological proper-
ties of profinite groups. A profinite group G is said to be topologically finitely
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generated if there is a finite subset S C G that generates a dense subgroup of
G. A deep theorem due to Nikolov and Segal [41], which we shall not use, states
that all finite-index subgroups of a profinite group are open. As a consequence, a
group homomorphism f : G — H between a profinite G and H, where G is finitely
generated, must be continuous. This result is significantly easier in the category of
p-groups and it is a classical observation of Serre.

Proposition 4.0.3. Let G be a topologically finitely generated pro-p group. Then
any finite-index subgroup H of G has p-power index and it is open.

We do will not develop the theory of profinite groups, though we would like to
recall a few fundamental facts of this theory. Since we are only going to work with
pro-p groups, we will still recollect some of the important features and tools of the
theory of this particular subclass of profinite groups. We refer the reader to the
books [15], [43] and [48] for a thorough treatment of this topic.

We start recalling a fundamental observation of groups that are constructed as
inverse limits. Group homomorphisms between inverse limits need not be induced
from a homomorphism between their inverse systems. More precisely, a group ho-
momorphism I&n G; — lim H; need not be induced from a sequence of group homo-
morphisms G; — H;. Moreover, a group can be the inverse limit of many different
inverse systems of groups.

Proposition 4.0.4. Let G be a profinite group. Let {N,}, be a decreasing
sequence of open subgroups with trivial intersection. Then the canonical map
G —lim G /N, is an isomorphism.

Proof. The map is injective because [JN,, = 1. On the other side, the image is
closed since this is a map between Hausdorff compact topological sets. In addition,
the image surjects into each factor G/N,, of the inverse limit, so the image is also
dense. This implies that ¢ is bijective, as we wanted. O]

Since we are going to consider closed subgroups and quotients of pro-p
groups, we sketch how one can make sense of them in the category of pro-p groups.
Let G = @Gi be a pro-p group with projection maps p; : G — G;. We can
assume without loss of generality that each p; is surjective since, otherwise, the
canonical map G — @ pi(G;) would be an isomorphism and the latter inverse
limit has surjective projections p;. Let H < G be a closed subgroup and let N < G
be a normal closed subgroup. Then there are canonical continuous isomorphisms
H — lim p;(H) and G/N — lim G;/p;(N), where H is endowed with the subspace
topology; G/N is endowed with the quotient topology; and both Jm pi(H) and
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I'Ln Gi/pi(IN) are endowed with the profinite topology. This way, both H and G/N
are naturally pro-p groups in the sense of inverse limits.

These notions of subgroup and quotient enjoy all expected and desirable prop-
erties in the category of pro-p groups. For example, there is a first isomorphism
theorem.

Lemma 4.0.5. Let G and H be pro-p groups and let f : G — H be a continuous
epimorphism. For any closed N <ker f, the induced map G/N — H is continuous
and verifies and makes the following diagram

G
l U (4.3)
G/N> H

commutative. Moreover, if N = ker f then the induced G/(ker f) — H is an
isomorphism of pro-p groups.

We also remind that a subgroup of a pro-p group is open if and only if it is
closed and has finite index. As a consequence, given an open normal subgroup H of
a pro-p group G, the quotient G/H is a finite p-group and it is endowed with the
discrete topology.

There is a particularly valuable case of proposition 4.0.4. Let G have finite rank.
Since G is residually p, then we would have that G is isomorphic to @n G/ %(f )G,

where %(Lp )G are the p-lower central series of F'. These are defined recursively by

YWG = G and vfﬁzlG =GP |G, > )G] for n > 1. One can inductively use proposi-
tion 4.0.3 to check that these are, in fact, open normal subgroups of G. Similarly,
we denote by 7 G the lower central series of G, which are defined recursively by
G = G and 711G = [%G, G| for k£ > 1. We know that these are closed normal
subgroups of G (see [15, Proposition 1.9 and Exercise 17]).

This special filtration makes the topology of pro-p groups special among profinite
groups. However, the key aspect of pro-p groups is the simple characterisation of
their Frattini subgroup.

Definition 4.0.6. Let G be a pro-p group. We define its Frattini subgroup ¢(G)
to be the intersection of all its maximal closed subgroups.

The interest of the Frattini subgroup, which is clearly normal and closed, is that
it allows to reduce the algebraic-topological question of group generation to linear
algebra.
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Proposition 4.0.7. Let S be a subset of G. Then the following statements are
equivalent.

1. S topologically generates G.
2. S®(G) topologically generates G.
3. SP(G)/P(G) topologically generates G/P(G).

In particular, d(G) = d(G/®(Q)).
Proposition 4.0.8. The Frattini subgroup is
(G) = G[G, G,

so G/®(G) is a p-elementary abelian group. Moreover, if G is topologically finitely
generated, then

®(G) = G?[G,G] and G/®(G) = FIS),

p

Let I' be a finitely generated abstract group with pro-p completion I';. Given a
finite p-group @), there is a bijective correspondence

{epimorphisms I' — P} <— {epimorphisms I'; — P} (4.4)

which assings to each epimorphism f : I' — P the epimorphsm f; : I'; —
P. Reciprocally, given an epimorphism g : I'y; — P, it will be continuous by
proposition 4.0.3. So the map got; : I' — P is a surjective homomorphism. In
particular, given any p-elementary abelian group A = F, the previous assignment
produces a bijective correspondence

{epimorphisms I'/T'? [I', '] — A} +— {epimorphisms I'5/I'} [I'5, 5] — A}.
(4.5)
This implies that the dense canonical map I' — I'; induces an isomorphism of
elementary abelian p-groups

[/T? [0,T] —» [5/T% [T, Tgl. (4.6)

We encompass, as a corollary of propositions 4.0.7 and 4.0.8, part of the utility
of the Frattini group in the following statement.

Corollary 4.0.9. Let G have finite rank. Then S C G generates G topologically
if and only if S generates G modulo G? [G,G]. In particular, a homomorphism
f + G — H between finitely generated pro-p groups G and H is surjective if and

only if the induced
G H

I &Ga o

is surjective.
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These results have surprising implications and constitute one of the reasons for
which pro-p groups are easier to work with than with abstract groups or more general
profinite groups.

Notice that free groups F' do also have the property that d(F') = dimg, F'//F? [F, F],
but not for analogous reasons. As opposed to what happens in pro-p groups, lifts of
generators of F'//FP[F, F] are not necessarily generators of F'.

4.1 Solving equations

In the theory of pro-p groups, we talk about topological generation, rather than
abstract generation. As a consequence, elements of pro-p groups cannot be generally
described by finite words. In this section, our aim is to develop an elementary way of
describing implicitly elements in pro-p groups. This section is perfectly avoidable. It
just suggests and alternative combinatorial way of thinking about elements in pro-p
groups.

Let F), be the free group on X = {xy,...,2,} and let w € F,, be a word in X.
Defining a group homomorphism from a one-relator group (X|w) to another group
G is equivalent to finding h4, ..., h, € G such that w(xy = hy,...,2, = h,) =11n
G. If H is a topological group, there are methods to ensure non-explicit solutions
hi,...,h, of w. Suppose that G is a pro-p group. Take X = {xy,z5,23} and
consider the word w = x1[zy, x1][3, 25]. Take any o =b € G and z3 = c € G. We
want to find @ € G that completes a solution (a, b, c) of w. If (a,b,c) is a solution,
then

a= [b’ CHa’vb] = [bv C]Hbv C]? [CL, b“’ b] == f(n)(a) =

where f( is the n-th iteration of f(z) = [b,c][z,b]. It is tempting to take any
initial @y € G and define a = lim, f™(ay) in G, since the required a is a fixed
point of f. However, we do not know whether the limit lim,, f™(aq) exists or not.
In this section, we introduce basis elementary tools to study when this sequence is
convergent and when the resulting limit is independent of the initial ag € G.

There are mainly two ways to prove the existence of such a by using the com-
pactness of G. These are encoded in lemma 4.1.1 and lemma 4.1.6.

Lemma 4.1.1. Let w be a word on n letters. Let G be the inverse limit lim G; of
finite groups G;. Let a € G. Suppose that the equation w(xy,...,x,) = p;(a) has a
solution in G; for every ¢ € I. Then the equation w(zy,...,x,) = a has a solution
in G. Additionally, if the previous equation has unique solution modulo G; for each
1 € I, then the solution is also unique in G.

In particular, this allows us to extract roots in pro-p groups.
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Proposition 4.1.2 (Divisibility of pro-p groups). Let G be a pro-p group, let a € G
and let n be an integer not divisible by p. Then there exists a unique b € G such
that a = b™.

The application of lemma 4.1.1 works to some extend and we are going to in-
troduce another method for solving more general type of equations in pro-p groups,
provided a mild condition modulo p.

Definition 4.1.3. Let G be a profinite group and let N be a collection of open
normal subgroups with trivial intersection. For each N € N, we construct the
continuous function dy : G — {0, 1} which verifies that dn(xz) = 0 if z € N and

Proposition 4.1.4. Let G be a profinite group of finite rank. Then the collection of
all finite-index subgroups is countable. Let N be a subcollection of finite intersection.
Then G is isomorphic to T&lNe v G/N. In addition, let us consider an ordering of
N by N. We denote d,, = dy,. Then the following function d : G x G — [0, 1] is
a metric for the topology of G:

d(z,y) =Y 2" du(zy™").

neN

Once we have built an explicit metric for G, we will see how a fixed-point theorem
from functional analysis can be used to solve equations in pro-p groups G.

Definition 4.1.5. Let X be a metric space of distance d. We say that a function
f X — X is weakly contractive if it verifies that d(f(z), f(y)) < d(x,y) whenever

T #y.
Lemma 4.1.6 (Fixed point theorem in compact metric spaces). Let X be a compact

metric space of distance d. Let f : X — X be a weakly contractive function. Then
f has a unique fixed point.

Proof. The function ¢ : X — R defined by = — d(z, f(z)) is continuous since both d
and f are clearly continuous. Let m be its minimum, which is finite and is attained
at some xry € X by the compactness of X. If zy # f(zg), we would have that
q(f(xo)) = d(f(zo), f(f(z0))) < d(xg, f(x0)) = q(x0), contradicting the definition of
Zo. S0 xq is a fixed point. If x1 and x5 where different fixed points we would reach
the contradiction d(z1,z2) = d(f(x1), f(x2)) < d(z1,22). Thus x is the unique
fixed point. O]

Proposition 4.1.7. Let G be a topologically finitely generated pro-p group, en-
dowed with some metric from proposition 4.1.4. A function f : G — G is weakly
contractive if and only if for every = # y there exists an open normal subgroup
N < G such that zy~! ¢ N and f(z)f(y)~' € N.
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We now give many examples of contractive functions on pro-p groups.

Proposition 4.1.8. Let w be a word in {z1,...,z,} such that w,, is divisible by
p. Then for every finitely generated pro-p group G and every co,...,c, € G, the
function f: G — G defined by = — w(x, ca, ..., c,) is weakly contractive.

Proof. With the aim of applying proposition 4.1.7, we will ensure, for each = # y,
the existence of an open normal subgroup N such that, naming d = xy~!, it is true
that d ¢ N, d” € N and [d,c] € N for every ¢ € G. Then it would be clear that
fldy)f(y) ™' =d*r =1 mod N. So f(z)f(y)™* € N and zy~' ¢ N, as we wanted.

Take x # y € G. Since d = zy~! # 1, there exists a continuous homomorphism
¢ : G — P to a finite p-group P such that ¢(d) # 1. Since P is a finite p-group,
there exists a unique k such that ¢(d) € yx—1,P \ Yk pP. Now consider the projection
p: P — P/y,P. It is clear that N = ker(p o ¢) verifies the previously claimed
conditions. O

These families of contractive functions allow us to produce many examples of
equations in G with unique solutions.

Proposition 4.1.9. Let w be a word in {zy,...,2,} such that w,, is coprime with
p. Then for every finitely generated pro-p group G and every cs,...,c, € G, the
equation w(z, ¢, ...,¢,) = 1 has a unique solution z € G.

Proof. There exists a positive integer m € Z, coprime with p, such that mw,, + 1
is divisible by p. As a consequence, the word w'(z1,...,z,) = x;w(x]", z9, ..., z,)
lies under the assumptions of proposition 4.1.8. By proposition 4.1.2, the equation
w(zx,co,...,c,) = 1 has a unique solution z € G if and only if y = W' (y,ca, ..., ¢y)
has a unique solution y € G, and the later claim is ensured by lemma 4.1.6 and
proposition 4.1.8. O

We will later use this result to characterise which one-relator groups have free
pro-p completion.

4.2 Free products of pro-p groups

We have two purposes for this subsection. One the one hand, we define what is
meant for a pro-p group to be free and we also discuss some methods for ensuring
the pro-p completion of a group to be free. On the other hand, we discuss the
construction of the free product in the category of pro-p groups. In the category of
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abstract groups, this would be the usual free product *, though in the later category
this is more delicate.

Let G be a pro-p group and let n be a non-negative integer. We say that G is
a free pro-p group of rank n if it has a subset X C G of size n such that the
pair (G, X) verifies the following universal property. Let K be a pro-p group and
let fo : X — K be set-theoretical map. Then there exists a unique continuous
homomorphism f : G — K such that the diagram

Q lf (4.7)

is commutative. In this case, we also say that G is freely generated by X or,
simply, that G is free on X.

Proposition 4.2.1. There exists a pro-p group G verifying the previous universal
property (4.7) for some X C G of size n and, up to isomorphism, this group is
unique.

Proof. We start verifying the uniqueness with an standard argument.

Uniqueness: Suppose that we are given two pairs (G, X) and (G’, X’) verifying
the universal property. We can take a bijection ¢ : X — X’. There exist continuous
group homomorphisms f : G — G’ and f' : G’ — G such that f(z) = ¢(x),
for all z € X; and f'(2/) = ¢~ (2'), for all 2/ € X’. We can now verify that
flof = idg and f o f/ = idg,. Both are analogous. For the former, notice
that o f : G — G is a continuous homomorphism whose restriction to X is
f'(f(x)) = fl(o(x)) = ¢~ (p(x)) = x = id(x). By the uniqueness of the universal
property, this implies that f' o f = idg.

Existence: Let F(X) be a free group on generators X = {z1,...,2,}. We
denote F(X) to be its pro-p completion. For our argument, we simply need propo-
sition 4.0.1. We know that the canonical map t; : F'(X) — F(X) is injective, since
F' is residually-p. So we can identify I’ with its isomorphic copy in F. We now
prove that the pair (F(X), X) verifies the universal property of eq. (4.7). Let K be
a pro-p group and let fo : X — K be a set-theoretic map. Since F/(X) is free with
free generators X, there exists a unique group homomorphism f; : F(X) — K
such that fi(x) = fo(x) for all x € X. We can now consider its pro-p extension
f = (fi)p : F(X) — K, which is a continuous homomorphism. The following
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diagram

X 5 F(X) — 25 F(X)
y (4.8)
fi |
fo I\E

is commutative. The subdiagram that is highlighted in red exhibits that the resulting
f 1 F(X) — K has the required properties of (4.7). It would remain to prove that
this map f is unique. Let us consider another such map f’ : F(X) — K and its
corresponding f] = f' o5 1 F(X) — K. By assumption, the following diagram

X 3 F(X) — 2 F(X)
p (4.9)
i |
Jo I\z

would be commutative. We study the subdiagram that is highlighted in blue. Since
X generates F(X), the extensions f| = f; must be identical. Secondly, the con-
tinuous homomorphisms f, f : F(X) — K would coincide in the dense subgroup
t5(F(X)). So f" = f. This finishes the proof. O

Notation 4.2.2. We denote by F,, the free pro-p group of rank n.

Analogously, we could have introduced the notion of free pro-p group of any
cardinal. However, we stick to the case of finitely generated pro-p groups. The only
free such groups are the F,,. Observe that F; is isomorphic to the group of p-adic
integers Z,,.

In terms of the universal property (eq. (4.7)), we can rephrase the property of a
one-relator group having free pro-p completion in terms of a problem of ensuring a
unique solution to an equation related to the defining relator w. The latter reminds
of section 4.1.

Lemma 4.2.3. Let w be a word in X = {z1,...,z,}. Suppose that for any finitely
generated pro-p group G and for all ¢, ..., ¢, € G, the equation w(zy,ca,...,c,) =1
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has a unique solution ; € G. Then the one-relator group G = (X |w) verifies that
its pro-p completion G is isomorphic to F,,_;.

As a consequence, we can give a simple criterion for the pro-p completion of a
one-relator group to be free.

Proposition 4.2.4. Let w be a word in X = {z;,...,2,} and suppose that, for
some 1 < k <n, w,, is coprime with p. Denote by G = (X|w) the one-relator group
of defining relation w. Then G5 = F,,_;.

Proof. This follows from lemma 4.2.3 and proposition 4.1.9. O

We leave stated two elementary lemmas on free pro-p groups, which are direct
consequences of the the above arguments and the properties of the Frattini subgroup,
collected in propositions 4.0.7 and 4.0.8.

Corollary 4.2.5 (Free bases of free pro-p groups). Let X be a subset of F,,. Then
X freely generates F,, if and only if the reduction map X — F/®(F) is injective
and {x ®(F) : x € X} is a basis of the F,-vector space

F mn

o(F) 7
Corollary 4.2.6 (Strong Hopf property). Let F and F’ be two finitely generated
pro-p groups and suppose that F’ is free. Let f: F — F’ be a continuous epimor-
phism. Then d(F) > d(F’), with equality if and only if f is an isomorphism.

The proof of the last result does also require the Hopf property on finitely gen-
erated pro-p groups, which is not hard to establish.

We have worked with a universal property in order to compare two pro-p com-
pletions. We will refine this method in the next section. For the moment, we will
introduce another important construction which generalises the free pro-p group,
namely the free product of pro-p groups.

Let Gq,...,G, be pro-p groups. We are interested in constructing their free
product (coproduct) in the category of pro-p groups. More precisely, we are inter-
ested in a pro-p group G, endowed with n canonical continuous homomorphisms
or - G — G, that verifies the following universal property: For any pro-p group
K and any continuous homomorphisms ¢, : Gy — K, there exists a unique con-
tinuous homomorphisms ¢ : G — K such that, for any k, the diagram

G, 2 G

% o (4.10)

K
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is commutative. That is, 1) o ¢ = V.

Proposition 4.2.7. Given pro-p groups Gq,..., G, there exists a unique pro-p
group G verifying the universal property of (4.10). We denote this group G by
IL; G; and by ¢, : G, — [, G, the canonical maps.

Proof. We first precise what we mean by saying that such G is unique and we prove
that, indeed, this object is unique. Then we give an explicit construction of it.

Uniqueness: Suppose that there exist two such objects G and G’ endowed
with canonical maps (¢r)r and (¢} )k, respectively. We claim that there exists a
group isomorphism 1) : G — G’ such that ¢ o ¢, = ¢}, for every k. This is what
we mean when we say that the object G is unique. We are going to see how to
produce this isomorphism 1 from the universal property. Applying the universal
property of (4.10) that verifies G to the data (K = G/, ¢}, : Gy — G’) and the
universal property that verifies G’ to the data (K = G, ¢ : Gy — G), we get
homomorphisms ¢ and v’ such that, for every k, the diagram

G, " .G

(4.11)

\ v

G ———— G
k

is commutative. In other words, 1 o ¢ = ¢} and ¢’ o ¢}, = ¢. It directly follows
that the diagram

¢
G, ———— G
/ \
/ \
/ \
d)k: lid \lwlow
|\ Il
\ /
v =
G

is commutative. By the uniqueness of the universal property of G with respect to
the data (K = G, ¢y : Gy — G), this implies that ¢’ o 1) = id. Analogously, we
prove that ¢ o1’ = id, and the uniqueness is ensured.

Existence: Consider the free product G = Gy * --- * G,, in the category of
groups, with canonical maps ¢3* : Gy, — G?. We introduce the family

Ny = {N GG 1 (62)"Y(N) 9, Gy, and  G™/N € Gy}

We claim that for any Ny, Ny € Ny, N[ N € Ny. In fact, Ny [ N, is the kernel of
the canonical map
Gabs Gabs/Nl % Gabs/NZ
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Now consider the following inverse system of groups:
N ={G*™ /N : N € Ny}

where it is viewed with canonical maps ¢y, n, : (Gabs /Ny — (Gabs /N> whenever
N1 € N,. Denote its inverse limit by

G = lim G*/N.
NeMNy

By the universal property eq. (4.2) of G, the canonical projections ¢ : G&>5 —
G* induce a map ¢ : G* — G, which has dense image.

We think of G#* as a topological group that has Ny as a basis of neighbourhoods
of 1 € G*. This way, we can view G as the completion of G* with respect to this
topology and the map ¢ is continuous. Similarly, the maps ¢y = 0 ¢2> : G, — G
are continuous. We have that ¢, is continuous because, for each N € N, ¢, *(N) is
open in Gy, by assumption. So ¢ = 10 @3> is the composition of continuous maps.

We now want to establish the universal property (4.10) for the group G and
the continuous homomorphisms ¢, : Gy — G. Let K be a pro-p group and let
Y+ G — K be continuous homomorphisms. Due to the universal property of
the inverse limit, condensed in the diagram (4.2), we can assume that K is a finite
p-group in order to construct a continuous homomorphism ¢ : G — K such that
the diagram (4.10) commutes.

Since K is finite (and hence discrete), the continuity of v, translates into each
ker ¢, being open. Working in the category of groups, by the universal property of
G*s = Gy * - - - x G, there exists a unique ¥** : G — K such that the diagram

¢abs
G & k Gabs

% o (4.12)

K

is commutative. Furthermore, it can be said that ¥*" is continuous. To prove this
claim, it suffices to check that ker ¢*" is open. In fact, we see that kery* € A/,
since

67 (ker ) — Ker 1
is open in Gy, for all k.

So 2P is continuous and can be extended to a continuous map ¢ : G — K in
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such a way that the diagram

(4.13)

is commutative. The commutative subdiagram that is highlighted red shows that
the resulting ¢ : G — K has the desired properties.

It rests to check that this 1 is unique. Suppose that 1y is a any other such map.
We can define 3> : G# — K by 18> = 1)y 0« and observe that there are, again,
commutative diagrams of the form

Pk
G, ———G¥» —— 5 @
i (4.14)
avs :¢0
UV v
K.

Analysing the subdiagram that is highlighted in blue; we prove that g> = 12",
due to the universal property of G® in the category of groups. Lastly, it is also clear
that 1 = 1, since they are both continuous and both coincide every t(¢2*(Gy)),
which generate the dense subgroup ¢(G**) of G.

This completes the proof of proposition 4.2.7. ]

As we remarked before, it is convenient to think of Gy []--- ][ G, as the com-
pletion of the topology of G#* = G * - - - * G,, generated by the finite-index normal
subgroups N such that G#/N are finite p-groups and N () G}, is open in Gy,.

In any case, the way we are going to work with this object is by means of its
universal property (4.10). Observe that F,, is isomorphic to the n-fold coproduct
Zp|1---117Z,. We give some of the expected properties of the coproduct.

Corollary 4.2.8. Let Gq,...,G,, be pro-p groups and let ¢y, : G, — G [[--- ][ G»
be the canonical maps. Then
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e cach ¢y is injective; and

e G is topologically generated by |J, ¢r(Gux).

Proof. Notice that each Gy, is a retract of G = Gy [[---[[ G,. In fact, there exists
continuous homomorphisms v, : G — Gy, such that ¢, o ¢, = idg,. From this,
the first claim follows. The second one is a consequence of the fact that, as we saw
in the proof of proposition 4.2.7, 1(G1 * - - - x G,,) is dense in G and Gy *--- * G, is
generated by U;Gy. [

Since the canonical ¢y : Gy — G []--]] G, are injective, we will sometimes
identify Gy, with its isomorphic copy in Gy [] - -+ [[ G- More than this can be said.
The following is [43, Proposition 9.1.8].

Proposition 4.2.9. Let Gy, ..., G, be pro-p groups and consider its free product
G* = Gy % --- * G,, as abstract groups. Then the canonical map

L:Gabs—>G1H~-HGn

is injective.

The Grushko-Neumann theorem in the category of abstract groups is a deep
result. Interestingly, in the category of profinite groups, its analogue turns out to be
false. However, as we are about to see, in the category of pro-p groups this theorem
can be reduced to elementary linear algebra.

Proposition 4.2.10. Let G1, Gs be two pro-p groups of finite rank. Then d (Gl I Gg) =
d(Gy) + d(Go).

Proof. Since G; and Gy generate topologically G = G [[ Go, it is clear that
d(G) < d(Gy) + d(Ga). (4.15)

Furthermore, by the universal property of G, there is a continuous homomorphism
f:G — Gi/P(Gy) x Gy/P(G2) such that the restrictions to each G; are the
canonical projections G; — G;/®(G;). In particular, f is surjective. So

d(G) > d(G1/P(G1) x Go/P(Gy)) - (4.16)

Recall that each G;/®(G;) is a p-elementary abelian group by proposition 4.0.8 and
that, by proposition 4.0.7, d(G;) = d(G;/®(G;)). Thus

d(G1/®(G1) X Go/P(G2)) = d(G1/P(G1)) + d(G2/P(Gs)) = d(G1) + d(G>),
which, in addition to (4.15) and (4.16), implies that d(G) = d(G1) + d(G2). O
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Corollary 4.2.11. Let G; and Gs be two pro-p groups of finite rank and let G =
G1 ][] G2. Then there is a canonical isomorphism

G G, G,
B(G)  B(Gr)  B(Go)

Proof. In the proof of proposition 4.2.10, we defined the canonical surjective map

G G, G,
o(G) D(Gy) " B(Ga)

f:

We now know that both finite p-elementary abelian groups have the same size by the
same proposition. So f is, in fact, an isomorphism. Alternatively, we can explicitly
construct an inverse of f. O

4.3 Presentations of pro-p completions

From this point on, we shall discuss how the pro-p completions of an amalgamated
products or of an HNN extensions can be described in terms of the pro-p completions
of the involved factors. The most natural way to compare pro-p completions is by
working with a defining universal property. Before this, we give an example of what
we mean by presenting a pro-p completion.

Abstract group presentation: Let X be a set and let R be a subset of the
free group F'(X) on X. We denote the abstract group

(X|R) = F(X)/((R)).

Pro-p group presentation: Let X be a set and let F(X) be the free pro-p
group of free generators indexed by the X. We denote the pro-p group

(X|R), = F(X)/{(R)).

A particular property that we will establish is the following.

Proposition 4.3.1. Let G be an abstract group of presentation (X |R). Then there
is a canonical isomorphism

Gp = (X[R)yp.

Our starting point, as we mentioned above, is re-defining the canonical map
G — G5 in terms of a universal property.
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Proposition 4.3.2. Let I' be an abstract group. Let ¢5 : I' — I'; be the canonical
map. The data (I's, ¢5) is characterised by the following properties.

1. I'; is a pro-p group.
2. The map ¢; has dense image.

3. For any pro-p group K and every group homomorphism f : I' — K with
dense image, there exists a continuous homomorphism f; : I'; — K such
that the diagram

r 2,71

\ 4{ 5 (4.17)

K

1s commutative.

When we say (I'p, ¢5) are unique, we mean if (H, ), where H is a pro-p group and
t ' I' — H is a group homomorphism, is a pair that verifies the three above
properties; then there exists an isomorphism of pro-p groups o : G5 — H such
that o o 1z = ¢. Moreover, by the universal property of the inverse limit (4.2), it
suffices to check the third condition for finite p-groups K.

Proof. We already know that (G, 1) verifies the given properties. The proof of the
uniqueness of the objects (Gjp,t5) is standard and works the same way as in the
uniqueness of the free product of pro-p groups. n

From this point of view, we can compute pro-p completions of quotients and of
free products. Notice that the following result generalises proposition 4.3.1.

Proposition 4.3.3 (Pro-p completion of a quotient). Let I" be an abstract
group and let N <T' be a normal subgroup. There is a canonical isomorphism

(F/N)jag Fﬁ/%A(—N)'

Proof. Consider the canonical group homomorphisms

P71, rﬁ/bﬁ(N),

whose composition I' — T'5 / t5(N) is a map with dense image and with a kernel

that contains /N. This induces a group homomorphism ¢ : I' — T'; / t5(N). We are
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going to prove the required properties of proposition 4.3.2 for the pair (I's,¢). The
first two properties are immediate. We study the universal property of the third
point.

Let K be a pro-p group and let f : I'/N — K be a group homomorphism with
dense image. We have a diagram of the form

r— % 1,

—~ AN
Jq lqp AN
\\ g

[/N — T5 /() (4.18)

where the subdiagram that is highlighted in blue is commutative.

There exists a continuous group homomorphism g : I'y; — K such that go (5 =
f oq. Since f has dense image and ¢ is surjective, the map g is surjective. We also
notice that N < I'; is contained in the kernel of g, so t5(N) <kerg is closed. By

lemma 4.0.5, there exists a continuous group homomorphism A : I'; / t;(N) — K
such that hog; = g¢.

The overall commutativity of the diagram (4.18) follows directly and the proof
is complete. O

It might be enlightening to remark that this provides an alternative proof of
proposition 4.2.4, the simple criterion for the pro-p completion of a one-relator group
to be free.

Second proof of proposition 4.2.4. We identify F'(X) with its image in F(X). The
element w € F' does not belong to F(X) because the continuous map f : F(X) —
Z/p that determined by f(xzx) = 1 and f(x;) = 0 for i # k verifies that f(w) =
wy, mod p so w ¢ ker f. In particular, by proposition 4.0.8, this implies that
w ¢ ®(G). Furthermore, by corollary 4.2.5, there exists a topological generating
set {w,wa, ..., w,} of F(X). We consider Y = {yi,...,y,} and a pro-p completion
map 5 : F(Y) — F(X) given by t5(y1) = w and t5(y;) = w; for i > 2. Then, by
proposition 4.3.1, there are canonical isomorphisms

<
&
=
[
=
s
=
€
[
=
>
~
S
S
[
=)
=
=
3
..5\)'/
12
5
5
[
o
i
]
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A sufficient understanding of the pro-p completion of one-relator groups gave us
a criterion for ensuring this to be free. We want to extend this principle for more
general classes of groups.

The next step is to understand pro-p completions of free products. This will
exhibit the functorial behaviour of the assignment G' — Gj, from the category of
abstract groups to the category of pro-p groups.

Proposition 4.3.4 (Pro-p completion of a free product). Let I and A be two
abstract groups. There is a canonical isomorphism

(= A, =T ][ As

Proof. We define j : I's A — I'5[[ Ap by j = to(ipxtp), where ipxip : I A — T'pxAp
is canonical and ¢ : I';* Ay — I'; ][ A is as in the proof of proposition 4.2.7.

To prove this proposition, it suffices to ensure the conditions of proposition 4.3.2
for the pair (I'; [ Ap, 7)-

On the one hand, we claim that the map j has dense image. To verify this, we
will need to refer to the proof of proposition 4.2.7. Here, the free product I'z*A; was
endowed with a topology under which the map ¢ : 'y Ay — I'5[[ Ap is continuous
and has dense image. It remains to proof that the map

iy Dx A — Thx Ap

has dense image. For doing so, we use the basis of neighbourhoods of the identity N
that defines the topology of I';* Aj. Since these open subsets are normal subgroups,
it suffices to check that, for every N € N,, the induced map

ay :TxA— (DpxAp) /N (4.19)

is surjective. Every N € N, verifies, by definition, that N (I (resp. N[ Ap) is an
open subgroup of I'; (resp. Az)). So the canonical maps

I — /N (T & T;N/N; A — As/N()As = A;N/N

are surjective. Hence the image of ay contains both I';N/N and A;N/N. Since
these subgroups generate the whole (Fﬁ*/\ﬁ) /N, then the map ay of (4.19) is
surjective.

It rests to verify the third condition of proposition 4.3.2, which is a universal
property. Let K be a pro-p groups and let f : 't A — K be a group homomorphism.



40 CHAPTER 4. PROFINITE GROUPS

We have a diagram of the form

[ — 5 s A+—— A

(4.20)

The subdiagram that is highlighted in blue is commutative. By the universal prop-
erties of the pro-p completions I'; and Aj, there exist continuous homomorphisms
fg :I'; — K and fg : A; — K such that f|r = fgocﬁand fla = fé\oaﬁ.

By the universal property of the coproduct, there exists a continuous homomor-
phism ¢ : I';[[ Ay — K that extends the previous fg and flé\.

Finally, by the universal property of the coproduct (now in the category of ab-
stract groups), we can uniquely extend f|r and f|y to a group homomorphism
f:I'sA— K.

The resulting diagram (4.20) is commutative. We are interested in verifying that
f = goj. The groups I and A generate I'x A, so it suffices to prove that f|r = goj|r
and f|n = g o j|a. These identities can be read in the diagram (4.20). O

We can now discuss two applications of the two previous propositions 4.3.3 and
4.3.4. These will be used during chapter 9 and they describe completions of amal-
gamated products and HNN extensions using the constructions that have just been
introduced.

Corollary 4.3.5 (Pro-p completions of amalgamated products). Let 6; :
A — T and 6, : A — A be group homomorphisms. Consider the corresponding
amalgamated product T’ * A of abstract groups. Then there is a canonical isomor-

phism of pro-p groups

(r ;;A)ﬁ SIS / (0 (@) 057 (@), a € A)).
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Proof. Since

PxATx A/((L((‘)l(a) 051(a)), a € A)),

the claimed isomorphism comes from the canonical isomorphisms described in propo-
sition 4.3.3 and proposition 4.3.4. O]

Corollary 4.3.6 (Pro-p completions of HNN extensions). Let A be a subgroup
of 'and let # : A — I be a group monomorphism. Consider the corresponding HNN
extension Fj: . Then there is a canonical isomorphism of pro-p groups

(Fi)ﬁ S rﬁﬂzp/«b(tat—le—l(a)), a € A)),

where ¢ also corresponds to the topological generator of Z,.

We finish this section with a non-trivial result about free pro-p groups. It is
obvious, by construction, that these are residually-p. However, we are going to
verify that they are residually -(torsion-free nilpotent).

Proposition 4.3.7. A free pro-p group is residually-(torsion-free nilpotent).

Proof. A free pro-p group is residually-(free of finite rank), so it suffices to restrict
to the case of finite rank. Let F = F,, be the free pro-p group of rank n. Since F is
residually-p, (), fy,(f)F = {1} and, in particular, (), 7:F = 1.

It rests to prove that each F/~,F is torsion-free.

Now let I' be a finitely generated torsion-free nilpotent group with lower central
series 1 = v, 1 I < [, - - -3l Q' =T Then 4 /v D ZZ™ forall 1 <k <c¢
and some non-negative integers ny,...,n.. By the indications of [15, Exercises 21
and 22|, it follows that the canonical maps (vI'); — 7[5 and (ye1I'/7D)p —
Ye+11'5/7I'5 are isomorphisms of pro-p groups for all 1 < k < ¢. So there is a lower
central series of I'; by closed subgroups

1Dyl Dl 1%

>~ p>1p>

for which each quotient v, 11'5/7:1's = Zy* is torsion-free. So I'; is torsion-free.

Now let F' = F,, be the free group of rank n. We know that I' = F'/~..F is a
finitely generated torsion-free nilpotent group (this was checked during the proof of
theorem 2.0.2). Hence by the previous remark, I'; is torsion-free. In addition, the
canonical map I'y — F /7, (F) is an isomorphism by proposition 4.3.3. ]
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4.4 The completed group algebra

Given an abstract group G, we denote by FF,[G], or simply by F,G, the group algebra
of G with coefficients in the field F, of p elements. In the case of pro-p groups G,
there is an analogous ring which is more interesting than its group algebra F,G,
namely the completed group algebra, since it captures the topology of G as well.

Definition 4.4.1. Let G be a pro-p group. Its completed group algebra F,[[G]]
is defined by the inverse limit of the [F,-group algebras F,[G/N], where G ranges
over open normal subgroup of G. We can write

F[[G]] = lim F,[G/N]J.

Ng,G

If G is a free pro-p group, there is a more explicit description of the completed
group algebra.

Theorem 4.4.2. Let F be a free pro-p group freely generated by f1, ..., fq, then the
continuous homomorphism F,((xy,...,x,)) — F[[F]] that sends x; to f; — 1 is an
1somorphism.

For a proof of the previous result, the reader is referred to [48, Theorem 7.3.3].

Remark 4.4.3 (F,[[F]] as a local ring). Let P be a finite p-group. Then F,[P] is
a local ring with maximal ideal m = IF,,/p and residual division ring F,[P]/m = F,,.
Observe that given an inverse limit of rings R = @Ri, its set of units R* can be
identified with lim R?. Given a pro-p group G, we can use the latter observation
to prove that F,[[G]] is also a local ring. The completed group algebra FF,[[G]] also
has an augmentation map ¢ : F,[[G]] — F,, whose kernel m is the only maximal
ideal and equals the closure of F,, Iy C F,[F] in F,[[F]] (endowed with the profinite
topology). In case G is a free pro-p group F, one can alternatively check that IF,[[F]]
is local as follows as a corollary of the isomorphism of theorem 4.4.2. In any case,
we conclude that an element x € [F,[F] is invertible in F,[[F]] if and only if z ¢ F,Ip.

4.5 Cohomological characterisation of freeness

Free abstract groups and free pro-p groups share some similar properties. They are
both, in their corresponding categories of groups, the free objects. From the point
of view of this section, these are the groups of cohomological dimension at most one.
In the category of abstract groups, this characterisation is due to deep arguments
given by Stallings and Swan.
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We are going to review the proof of this characterisation in the pro-p setting,
assuming some bits of the cohomology theory of profinite groups. We will assume,
for simplicity, finite topological generation (finite rank).

Definition 4.5.1. A pro-p group G is said to have p-cohomological dimension
d if n = d is the smallest n such that H™(G,F,) = 0 for every m > n+ 1, where I,
is considered with the discrete topology. We denote cd,(G) = d.

The following is [43, Theorem 7.3.1].

Theorem 4.5.2. Let G be a pro-p group and let H be a closed subgroup. Then
cdy(H) < cdp(G).

Theorem 4.5.3. Let G and G’ be finite-rank pro-p groups. Let f : G — G’ be a
continuous homomorphism such that

f*: H(GF,) = H'(G,F,)
1s an isomorphism and

f*: H*(G',F,) — H*(G,F,)
s an ingection. Then f is an isomorphism.

The idea of the proof of the previous result is that a pro-p groups G is an
inverse limits of p-groups that are related to H'(G,F,) and H?(G,TF,) by short
exact sequences. We should remark that the root of this principle is specially the
paper of Stallings [44]. We are giving an adaptation to the setting of pro-p groups,
taken from [47|, avoiding the technicalities of the cohomology theory of profinite
groups.

This result has several important consequences, which we shall state later. Briefly,
it says that abstract groups with trivial H*( —,F,) have free pro-p completion. On
other side, this characterisation of freeness is easily seen to be stable with respect
to subgroups. In particular, it allows to derive the non-trivial fact that closed sub-
groups of free pro-p groups are pro-p free.

Before giving the proof, we state the Five Term Exact sequence lemma. Given
an open subgroup H of a pro-p group G, this lemma relates the cohomology (with
coefficients in F,) of the three groups H, F, F/H.

Lemma 4.5.4 (Five Term Exact sequence). Given an open subgroup H of a pro-p
group G and a G-module M, we have a natural short exact sequence of the form

0— HY(G/H,M™) —» H'(G,M) — H'(H, M)¢ - H*(G/H, M?) — H*(G, M).
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Remark 4.5.5. If M is a trivial G-module, then H'(G, M) = Hom(G, M). In this
case, we can also describe more precisely H'(H, M)€, for an open normal subgroup
H of G. The underlying action of G on H'(H, M) is the one induced by the
conjugation action of F on H. So

HY(H, M)¢ ={¢ € Hom(H, M) : ¢(ghg™") = ¢(h) for all g € G, h € H}
M)

={¢ € Hom(H :¢([g,h]) =0for all g € G,h € H}
=Hom(H/|G, ] M).
Proof. For each n, recall the notation G, = +PG and G, = WG/, Since
G= @n G /Gy, it suffices to check that, for each n, the induced map
fn : G/G(n) — G//G/(n) (4.21)

is an isomorphism. We proceed by induction on n. The case n = 1 is trivial. Let us
suppose that f,, is an isomorphism for some n > 1.

H(G/GY,y) —— HNG) —— H(G),)¥ —— BA(G/G),) — H(Q)
gll ng g3l g{ gsl
HY(G/G() — HY(G) —— HY(Gw)® —— H*(G/G() — H*(G)
By assumption, g is an isomorphism and g5 is an injection, and by the induction

hypothesis, g; and g4 are isomorphisms. So applying the five lemma to the previous
diagram we deduce that gs is an isomorphism®. By remark 4.5.5

HI(G(n)) = Hom(G(n)/[G, G(n)], Fp),

and since [F,, has exponent p, the previous equals

Hom(G(n /GGG, IF),

which is the dual of G()/Gn+1) as Fp-vector space. So the dual map h, of gs is the
map
hn,
G)/Gnr1) = G/ Gl
induced by f and this is an isomorphism. Lastly, we consider the commuting dia-
gram:

1 — G’(n)/G’(n+1) — G/G(n+1) — G/G(n) — 1

I

1 — G,)/Gl,) — G/G, ) — G/G|,, — 1

'Recall that, in order to apply the five lemma, we only needed g¢; to be surjective.
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Since h,, and f,, are isomorphisms, another application of the five lemma yields that
fni1 is an isomorphism. This completes the induction. O]

Corollary 4.5.6. A pro-p group is free if and only if its cohomological dimension
is at most 1.

Proof. We only prove the hard direction. It is easy to check that free pro-p groups
F have cohomological dimension one by using the interpretation of H*(F,F,) in
terms of the splitting of short exact sequences 0 — F, — G — F — 1. For a
complete proof, we refer the reader to [43, Theorem 7.7.4|. Let G be a pro-p group
of cohomological dimension 1. Let F be a free pro-p group such that d(G) = d(F).
In particular, we have

HY(G,F,) = G/®(G) = F/d(F) = H'(F,F,),

so any surjective map f : F — G induces an surjection between finite groups
f*: HY(G,F,) - H'(F,F,). Hence the latter f* is an isomorphism and the corre-
sponding f*: H*(G,F,) — H?*(F,F,) would be an injection because H*(G,F,) = 0.
Thus any such f, which can be constructed because F is free, would be an isomor-
phism by theorem 4.5.3. [

Essentially the same proof of theorem 4.5.3 gives a way of ensuring that an
abstract group with H?(G,F,) = 0 has free pro-p completion. This observation, in
combination with Hopf’s formula on H?, can give another proof of proposition 4.2.4.
A more general consequence of the argument of theorem 4.5.3 is the following.

Corollary 4.5.7. Let G and G’ be finitely generated (abstract) groups and let
f G — G’ be a group homomorphism such that

f*:H (G F,) — H'(G,F,)

is an isomorphism and
f*:H G F,) —» H*(G,F,)
is an injection. Then the induced map f5: G5 — G% is an isomorphism.
We also leave stated an important result which we shall use in the arguments of
chapter 9.
Corollary 4.5.8. A (finite rank) closed subgroup H of a (finite rank) free pro-p

group F is free.

Proof. By theorem 4.5.2, cd,(H) < cd,(F) < 1. By corollary 4.5.6, we conclude
that H is free. ]
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Chapter 5

Parafree groups

Definition 5.0.1. We say that two groups G; and G5 have the same lower central
quotients if, for every k£ > 1, we have

G o G

%G1 B Vsz'

Definition 5.0.2. A finitely generated abstract group G is termed parafree if it
has the following two properties:

(i) It has the same lower central sequence as some free group F.

(ii) It is residually nilpotent.

5.1 Classical examples and counterexamples

In this section we will collect some known families of parafree groups. We first remark
how they relate to other groups that we have already mentioned. First, notice that
Baumslag-Solitar groups are not residually nilpotent. In fact, by example 3.0.11,
B(n,m) is not even residually finite if n,m > 2. If n = 1 and m = 2, we have
I = B(1,2) = {(a,blbab™" = a?®). Observe that a = [a,b™'] € 1»". Recursively, we
deduce that a, which is a non-trivial element of I', belongs to (7I. So B(1,2)
is not residually nilpotent. It is clear that the remaining group B(1,1) = Z? is
not parafree. A different way to verify Baumslag-Solitar groups are not parafree
goes as follows. It is easy to see that exactly when n,m are coprime, B(n,m) has
abeliank rank equal to 1, though they are not isomorphic to Z (as they should, by
corollary 5.3.2). In other cases, it is not even true that the abelianisation of B(n,m)
is torsion-free.

47
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Another counterexample to parafree groups are non-free surface groups. For
example, the fundamental group of non-orientable closed surfaces 71 (NN,;) do not have
torsion-free abelianisation. On the other side, the groups 7 (X,) have abelianisation
isomorphic to Z29. If these were parafree, then they would be non-free parafree
groups I' with d(I') = d(I'ap). We will see in proposition 5.3.1 that this cannot
happen.

We now turn to review some examples. Recall that our aim is to study parafree
groups and that these groups are characterised by two properties. The first property,
having the same nilpotent genus as a free group, was studied and characterised in
different ways during the previous section. The second property enjoyed by groups
that are named parafree is their residual nilpotence. This condition is considerably
harder to verify.

Bausmlag also produced many examples parafree one-relator groups and as amal-
gamated products of a parafree group and Z in [3] and [4].

We can described some of these families, which are also surveyed in [5].

Definition 5.1.1. We introduce the following families of groups.

Gij=(a,b,cla= [ci, al [cj, b]) for any positive integers i, j.

H;; = (a,b,c|a = [a',t'][s,t]) for any positive integers i, .
K;; = {a,b,c|a'[s,a] =#’) for coprime integers i, j.
Npgr = (a,b,c|aPbic") for non-zero integers with ged(p, ¢,r) = 1.

These families of groups split over Z. The first are cyclic HNN extensions of F3.
On the other side, the two last families are amalgamated products of F, and Z with
cyclic amalgams.

For the question of whether the groups of definition 5.1.1 are pairwise non-
isomorphic or not, see |5, Section 9| and the references therein.

The following source of examples is due to Baumslag and Cleary. We first need
to introduce a definition to describe the structure of the defining relations of this
family:.

Definition 5.1.2. Given free generators si,...,s,,t of F,,.1 and w € [F, 41, F11],
we set s, ; = t/s;t77 for each 1 <7 < n and j € Z. We can express w uniquely as a
word on the previous s; ;. Given ¢, we define (i) (resp. v(7)) to be the minimum
(resp. maximum) of those j such that s; ; appears in w. We say that w satisfies the
redundancy condition on sy if p(i') and v(i') are distinct and both s; ;) and sy ,zr)
appear once and only once in w (possibly as inverses).

We can now formulate the following result from [6, Theorem 3].
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Corollary 5.1.3. Let F' be the free group on ay,...,ap,s1,..., 5y, t, where p > 1
and n > 1. Furthermore, let E be the subgroup of F' generated by si,...,s,,t and
let w be a cyclically reduced word in [E, E] that satisfies the redundancy condition
on sy. Finally, let v belong to [F, F)| and suppose that v does not involve s;;. Then
the one-relator group

G={(ay,...,ap,81,...,5y,t| a1 =vw)

is parafree.

5.2 Free nilpotent genus

Definition 5.2.1. We say that two groups have the same nilpotent genus if they
have the same isomorphism types of nilpotent quotients. Similarly, given a prime p,
we say that two groups have the same p-genus if they have the same isomorphism
types of finite p-groups quotients. We say that a group has free nilpotent genus
if it has the same the same nilpotent genus as some free group.

In these terms, studying parafree groups is studying residually nilpotent groups
with free nilpotent genus. Let us look at a few alternative ways to look at this family
of groups.

Proposition 5.2.2 (Characterisations of the property of having free nilpotent
genus). Let G be a finitely generated group. The following conditions are equiv-
alent.

(i) There exists a free group F' that has the same nilpotent genus as G.
(i’) There exists a free group F such that, for every k > 1, F//ywF = G/%G.

(i”) There exists a free group F' and an injection ¢ : ' — G such that, for every
k > 1, the induced map ¢y : F/yF — G/v:G is an isomorphism.

(ii) There exists a free group F' with the same p-genus as G for every prime p.

(ii’) There exists a free group F' such that, for every p and every k > 1, F'/,, , F' =
G/ pG-

(ii”) There exists a free group F' and an injection ¢ : F' — G such that, for every
prime p, the induced maps ¢y, : F/v,F" — G /v, G are isomorphism.

(iii) There exists a free group F' such that, for every prime p, G5 = Fj.
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(iii") There exists a free group F' and an injection ¢ : F' — G such that, for every
prime p, the induced map ¢; : F; — G is an isomorphism.

These equivalences are well-known. We include a proof for the convenience of
the reader.

Proof. We discuss each implication separately. We simply observe in advance that,
under all circumstances, it is clear that the free group F' must have finite rank
n=d(F).

1. (i) = (¢). Let k > 1. The group G /G is a nilpotent quotient of G. So
there is an epimorphism f : F' — G /G, which induces an epimorphism fj :
F/yF — G/v.G. Similarly, there is an epimorphism g : G/1G — F/v.F.
The group F' /. F is finitely generated nilpotent. By the Hopf property, this
implies that f; and g; are inverses of each other.

2. (/) = (i). This is trivial because the collection of isomorphism types of
nilpotent quotients of a group I' is the union of collections of isomorphisms
types of quotients of each I'/T.

3. (") = (¢) is trivial.

4. (i'y = (i"). Take ¢1,...,9, € G lifts of generators of G/vG. We
name by fi,..., f, free generators of F' and consider the homomorphism
¢ : F — G such that ¢(f;) = ¢;. We will prove that the induced maps
or + F/yF — G/v,G are isomorphisms. By construction, ¢, is an isomor-
phism. In particular, ¢(F')[G,G] = G. This implies that, naming Gy =
G /G, ou(Fy Gy, Gy = G- Since each Gy is nilpotent, we deduce
from proposition 2.2.3 that ¢,(Fr)) = Gu); hence ¢y is surjective. We also
know that each F{y is Hopfian (proposition 2.2.1). Since Fii) = G 1), the latter
implies that each ¢y is injective (see remark 2.2.2). So every ¢y is an isomor-
phism. Lastly, we can claim that ¢ is injective because it factors through every
isomorphism ¢; and F is residually nilpotent, which means that () F = 1.

5. The equivalence (ii) <= (ii') <= (ii") is entirely analogous to the already
proven equivalence (i) <= (i') < (i").

6. (i) = (ii) is trivial.
7. (1") = (¢"). This is simply due to the fact that (), v, f" = W F.

8. (i1i) = (i1). This is a direct consequence of the correspondence (4.4)
between the finite p-quotients of an abstract group I' and those of its pro-p
completion I';.
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9. (i) = (ii7). Notice that this is a particular case of theorem 4.0.2. In this
particular case, we give a more direct proof. The given ¢ induces isomorphisms

Fp 2 1im F/y, F = lim G /,G = Gj.
k k

10. (iii') = (iii) is trivial.

11. (iti) == (di?'). Since Gy = Fp, then Gy is pro-p free. In addition, since
(1it) = (i), G and F have the same abelian quotients. From this, we
deduce that G, = F,,. Take gi,...,¢g, such that their reductions modulo
[G, G form a Z-basis of G, = Z". Consider the map ¢ : F' — G defined by
sending ¢(f;) = g¢;, for some generating set {f1,..., f,} of F. For every prime
p, there is a commutative diagram

F—.a
b

Fﬁ E— Gﬁ.

Notice that ¢; is surjective, since the induced ¢ : F/FP[F, F] — G/G?|G, G]
is surjective, by construction. So ¢; is a continuous epimorphism between two
free pro-p groups of the same rank. By corollary 4.2.6, ¢5 is an isomorphism.
On the other side, F' is residually-p, so ¢5 is injective, too. This implies that ¢
is injective.

With these equivalences, the proof is complete. O

From this point of view, we can introduce another criterion for a finitely gener-
ated G to have free nilpotent genus; which is a direct consequence of corollary 4.5.7
and proposition 5.2.2.

Proposition 5.2.3. Let G be a finitely generated group such that G/[G, G] is free
abelian and H?*(G,F,) = 0 for every prime p. Then G has the same lower central
series as a free group of the same rank as G/[G, G].

5.3 Similarities and differences with free groups

We know that finitely generated residually nilpotent groups are Hopfian. In partic-
ular, parafree groups are Hopfian. Moreover, we have an strong Hopf property for
parafree groups, which says that parafree proper quotients of parafree groups have
strictly lower rank.
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Proposition 5.3.1. Let N be a normal subgroup of a group P. Suppose that both
P and P/N are parafree groups of the same rank, then N = 1.

Proof. We consider the natural projection p : P — P/N and we will show that its
kernel N is trivial. This projection induces a surjective map
P N P/N . P
Pn - = )
WP m(P/N)  (mP)N

for every n. Since both of the previous groups are isomorphic to F/7,F, for the
same free group F, p, is a surjective endomorphism of the Hopfian group F/~,F,
so it is injective. This implies that N C ~,, P for every n > 1, so N = 1. O]

This is due to the fact that finitely generated nilpotent groups are Hopfian. We
have two immediate consequences from the last proposition.

Corollary 5.3.2. Parafree groups of abelian rank 1 are isomorphic to Z.

Proof. Applying proposition 5.3.1 to N = [G, G| it follows that G 2 G/N = Z. [
By similar reasons, we can also prove that the only abelian (equivalently, nilpo-

tent) parafree groups are the trivial group and Z.

Proposition 5.3.3. The free product of parafree groups is parafree.

Proposition 5.3.4. Subgroups of parafree are not necessarily parafree.

Proof. The group G = (a, b, c|a®b?c?®) is parafree. The subgroup of G generated by

a,b, cac™ cbc™ has presentation (x,y, z, t|z?y?2%t?) = m,(S3). So G contains the

surface groups
Wl(zg) — 7'('1(53) — G

for g > 2; which are not parafree. n

The following proposition is harder. Its proof can be found in [4].
Proposition 5.3.5. The two-generator subgroups of parafree groups are free.

Proposition 5.3.6. For every integer n > 2, there exists a parafree G with r,,(G) =
n and with a non-free three-generated subgroup.

Proof. Let n > 2 and consider the 3-generated group Gs = (a, b, c|a®b*c?), which is
a non-free parafree group. By taking GG,, = G3*Z*- - - Z, the free product of G5 with
n — 2 copies of Z, we get a group G, with r,,(G,) = n that contains a subgroup
isomorphic to Gjs. m
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The previous group Gs = (a, b, cla?b?*c3) is quite interesting. It is not only a
non-free parafree group, it is residually free [2] and non-limit [35].

Corollary 5.3.7. The centre of a parafree group is either trivial or the whole group.
This last case only occurs for Z. More generally, any abelian subgroup of a parafree
group is free.

The following is |7, Theorem 7.1]. It uses the L?*-methods of chapter 8.

Theorem 5.3.8. Let G be a finitely generated parafree group and let N be a finitely
generated normal subgroup of infinite index. Then N = 1.

Proof. The group G has rank n. If n = 1 then, by corollary 5.3.2, G = 7Z and the
statement is trivial. Suppose that n > 2 and let F' be the free group of rank n.
Since G is parafree, G is pro-p free by proposition 5.2.2 and the canonical map

G — G = Fj is injective and has dense image. By proposition 8.1.5, b(G) >
ng)(F) =n—1 > 0. Let us suppose that N is not trivial. Then, since G is
torsion-free, IV is infinite. We have a short exact sequence

1-N—-G—G/N -1,

where both N and G/N are infinite, ng)(G) > (0 and bgz)(N) < 00 (since N is finitely
generated). This contradicts theorem 8.1.4. Thus N = 1. O



o4

CHAPTER 5. PARAFREE GROUPS



Chapter 6

The theory of group rings

The main idea that underlies this chapter can be roughly outlined as follows. Given
a group homomorphism G — H, we want to “linearise” it by studying instead
the corresponding map I — Iy. In the last setting, cohomological and ring-
theoretical arguments are applicable. From this, one wants to derive information
about the initial group homomorphism. The most important result of this chapter
is lemma 6.3.1.

6.1 The bar resolution

Let G be a group. We review the construction of the bar resolution C" (G, k) —
k — 0, a resolution of k over kG. It is also named standard resolution and it allows
us to explicitly compute homology groups of low degree. Let én(G, k) be a kG-
module with free basis given by the symbols {|gi1| - |gn| : 9i € G}, a collection

that is naturally in bijection with G™. Observe that GO(G, k) = kG. We define
d,: C"(G k) — C" (G, k) by

dn(lg1] -+ |gnl) = 91 192] -~ - |gnl
- ’9192’93’ T |gn|
T
+ (="l - [gn-19n]
+ (=1)"[g1] -+ |gn1l.

We claim that the following is a resolution of projective (in fact, free) kG-modules

—n

D2, TG k) S TG R) B B TG R) B TG R) D kG D k0,

95
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This particular resolution allows us to compute H, (G, k) as the homology of the
chain complex obtained after applying the functor ®k to the previous resolution
kG

(the application of this functor is named taking kG-invariants). This sequence is
natural from the point of view of topology.

Homology groups also appear as correction terms in sequences that are not exact
and homology groups of low degree are very meaningful. In fact, H°(G, k) = k and
H, verifies the following.

Lemma 6.1.1. There is a natural isomorphism H;(G, k) = k ® Gap.
Z
Proof. We use the bar resolution of k to compute Hy(G, k). By applying to
B, THGE) BTG E) S kG k=0

the functor ®k, we obtain the sequence of k-modules
kG

SELN e ey Ny )
where dy sends each (g,h) to g+ h — gh. So

kG2
Hy(G k) = “" =k @y Gap. 0

im d2

More importantly, this particular resolution, the bar resolution, allows us to add
explicitly an homology group to a non-exact resolutions of k£ over kG, to obtain
an exact sequence. Of course, here underlies the fact that the computation of the
homology does not depend on the choice of projective resolution of k over kG, since

any pair of such resolutions is homotopically equivalent and the application of ®k
kG

preserves chain homotopies, as it is an additive functor. This fact will underlie the
arguments of subsequent sections.

6.2 The augmentation ideal

During section 4.3, we saw the importance of defining objects in terms of univer-
sal properties. We worked with pro-p completions in terms of neat diagrams and,
roughly, we could observe that it is functorial. The approach of this section is sim-
ilar. We introduce the notion of derivation to describe the augmentation ideal klg
in terms of a universal property.
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Definition 6.2.1 (Derivation). Let M be a G-module. We say that a function
d: G — M is a derivation if d(zy) = d(x) + zd(y) for every x,y € G. We denote by
Der(G, M) the abelian group of derivations G — M.

There is a universal derivation D of G. We define D : G — klg to be the
derivation such that D(g) = g — 1. There is an isomorphism of abelian groups
Der(G, M) = Homg(kIg, M) described as follows. Given f € Homyqg(klg, M), we
define a derivation d = fo D : G — M.

GLI{?I@

\\\\d\ﬂ lf (6.1)
M.

Reciprocally, given d € Der(G, M), we can define the associated kG-homomorphism
fiklg — M by f(g—1) = d(g). These correspondences are well-defined and are
inverses of each other.

Lemma 6.2.2. Let F be a free group freely generated by S C F'. Then {s—1:s €
S} is a free basis of the kF-module klp.

Proof. 1t is clear that Der(G, A) is in bijection with group homomorphisms v : F' —
M x F that are splittings of the exact sequence

1—-— M—->MxF—F —1.

In fact, those 7 are exactly those maps of the form ~(f) = (d(f), f) for some
derivation d. In other words, for any {as : s € S} C M, there is exactly one
d € Der(F, M) such that d(s) = as for all s € S. Using the characterisation
Der(F, M) = Homyp(kIp, M) of eq. (6.1), we can also conclude that for any kF-
module M and any {as : s € S} C M, there is exactly one kF-homomorphism
f:Ir — M such that f(s —1) =a, for all s € S. The conclusion follows. O

Definition 6.2.3 (Fox derivatives). Let F' be a free group freely generated by
S C F. We denote by (,;9—8 : F' — kF the maps defined by

f—lzzg(s—l), for all f € F.

seS

Our aim is to prove the following result.
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Theorem 6.2.4. Let F' be a free group freely generated by S C F. Let T C F and
consider the normal closure N = ((T')). Consider G = F/N. Given f € F, we
denote its image under the projection F' — G by f € G. There is an exact sequence

of kG-modules of the form

o—>k®Rab&>kG N kG —s k s 0,

where the maps 9, and d5 are defined as follows:

01 (gses) =gs (s — 1), forallse€ S and g, € G,
8(c®rGG an es, forallcek, r e R.

seS

Definition 6.2.5. In the context of the previous theorem, the group R,;, or more
broadly k ®yz R.p, is called the relation module of G. Notice that it requires a choice
of F and a map F' — G. It has a natural kG-structure described as follows. The
conjugation action of F' on R, leads to a right kF-module structure on £ ® Ray,.
However, the action of R is trivial since 7' = r mod [R, R] for all r,t € R. So this
induces a natural kG-modules structure on k ® R,.

Proof. The sequence

0 —— kGO y kG —— k » 0,

is not exact at kG It needs a correction of Hy(R, k) and we compute this correc-
tion explicitly with the aid of the bar resolution. Consider the following commutative
diagram of kR-modules, whose rows are resolutions of k over kR,

U Ty(RK)] =2 Oh(R k) —2 C1(R k) —2 kR

N N

s 0 s 0 s kFS) 9 LR

Here fj is the natural inclusion, f; = 0 for £ > 2 and

(r[t]) Z 8 es, for all 7, t € R.

seS

Since this the arrows are projective resolutions of kR-modules, the chain map f is
an homotopy equivalence. We apply the functor £® and observe that the resulting
kR
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diagram is
Kody pps 2Oy pgr RO gp 0 g0,
lo lo l]ﬁ@dl lb lid
> 0 > 0 y KGOS 2 kg Pk > 0,

from where we can adapt the following exact sequence of abelian groups

. kR k®f1 sy O | % R
0 > et > kG > kG > k > 0.
By substituting the first non-zero factor by k®y R.p,, which is isomorphic to Hy (R, k)
according to the isomorphism that is implicit in the proof of lemma 6.1.1, then the
corresponding k ® f; turns into d, and the result is the following exact sequence of
abelian groups

0 —— k®y Ry —2 kGO 24 kg -2 & s 0,

whose maps are also seen to be kG-homomorphisms. The only map for which this
is not obvious is the map 0y. Let r € R and let f € F'. Notice that

0 (fri [RR]) = 2h—e,

seS

%) o) —10
= F 5 friEe
ses
9
=2 _fhies
seS

:782 (T [R? R]) : 0

One can view an algebraic proof of theorem 6.2.4 that uses no homological ma-
chinery in [30, Chapter 11]. A purely topological argument is given in [8, Chapter
II, Section 5|, by means of the Hopf’s formula. Our argument is based on the
indications given in [8, Exercise 4, Chapter IV, Section 2|.

We have given a description of the augmentation ideal of a group in terms of
a presentation. We are also interested in giving a description of the augmentation
ideal of an an amalgamated product and of an HNN extension. However, we should
first study free products.

Notation 6.2.6. Given two groups A < I', we denote by kI the left ideal of kG
generated by I,. Since kI' is a natural free right £A-module, it follows that the
canonical map of kI'-modules

KT @ kIy —s kI}
kA
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is an isomorphism.

Lemma 6.2.7. Let I' be the free product of two groups A and B. Then the kI'-
homomorphism
kI @ kI — kI,

defined by (z,y) — x +y for x € kl4 and y € klp, is an isomorphism.

Proof. We name 1 the given map. This statement can be verified by brute force us-
ing Britton’s lemma. However, it is cleaner to refer to the correspondence Der(I", M) =
Homgzr(Ir, M) of eq. (6.1). O

Theorem 6.2.8 (Swan). Let 0, : C — A and 03 : C — B be group homomorphisms
and consider the induced amalgamated product " = AéB. There is an exact sequence

of kI'-modules

0 — kIL —2 kIS @ k1L, —2 kI —— 0,

where a(z) = (61(z), —02(2)) for all z € klc and B(x,y) = x +y for all x € 14,
Yy < IB.

Proof. Tt is clear that 5 o a = 0, that « is injective and that [ is surjective. We
simply have to check that im a = ker 3.

Let 'y = Ax B. We consider the normal subgroup R of I'y generated the elements
of the set {#;(c)™10;(c) : ¢ € C}. Then I' 2 T'y/R. The idea is to consider an exact
sequence using lemma 6.2.7 for the free product I'y, to take R-coinvariants, and to
study the correction term that arises in the new sequence for I' with the aid of the
bar resolution of R.

Consider a diagram of the following form
di = ds =

dy do

U Ty(R k) —% Co(R k) —2— O1(R, k) » kR Ny » 0
bbb bk
> 0 > 0 s kIY @ kI — s kT —2 & > 0.

The map 1 is the isomorphism k‘]};O &) k;]go — Iy, of lemma 6.2.7 while the maps
fr are zero for k > 2. Lastly, the map f; is the kR-linear extension of fi(|r|) =
Y~ Y(r —1). Tt is clear that fy o d; = v o f;. Moreover, since the map ~!(r — 1) :
R — k’[ﬂo ® klgo is a R-derivation, then f; verifies that f; ody = 0. So the previous
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diagram is commutative. The arrows are projective resolutions of kR-modules and
the maps f; define a chain homotopy. Applying the functor £® we obtain
kR

N Al Ny LN 7y SN L TN
lfs lf2 lfl lfo lid
> 0 > 0 s kIS @ k1L, —2 kT —25 & > 0.

Arguing as in theorem 6.2.4, we have an exact sequence of the form

B

O—>k®RabL>kI£@k;Ig y kI —2 & » 0,

where the image of r + [R, R| € R, under f; is ¢ '(r — 1) for any r € R. Since
R.y, is generated by the elements of the set {6, (c) 05(c) : ¢ € C}, the image of f; is
generated by their corresponding images. Let ¢ € C.

Notice that

07" (c) ba(c) = 1= 01(c) ™" ((02(c) —1) = (i(c) — 1)),
and so
f1(07 () Ba(c)) = O1(c) ™" (1 = Bu(c), ba(c) — 1).
The kI'-span of these elements, for ¢ € C, generate the image of f;, which, by
exactness, is the kernel of 8. Crucially, this is the image of a. ]

Theorem 6.2.9. Let A be a subgroup of H and let 6 : A — H be a group monomor-
phism. Consider the corresponding HNN extension I’ = Hjx;. The kI'-homomorphism

kIY @ kD —2 kIp,

where f(x,y) =x +y(t — 1) for all x € Iy and y € kT, is surjective and the kernel
is kT'-generated by the set {((a) — 1 —t(a—1),0(a) — 1) : a € A}.

Our argument is essentially the same as in theorem 6.2.8.
Proof. Let T'y = H « (t) and let R be the normal subgroup of T'y generated by the
elements {a~'t"'0(a)t : a € A}. Then I' ® I'y/R. Consider a diagram of the form

dy Vol

U Ty(R k) —2 Co(R k) —2— Ci(R, k) y kR v k > 0

%fg Js Jn o s

> 0 » kIY @ kT Y kD =2 ke

dy do

e

\
7
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The map ¢ : ldgf @ kI'y — klp, is the isomorphism of lemma 6.2.7, defined by
(x,y) » x+y(t—1) for all z € kIy and y € kI'y. Here we have implicitly identified
kI'g =1 5? by means of the isomorphism

z z(t—1), forall z € k.

On the other side, the map f is the natural inclusion, the maps f; are zero for k > 2
and f is the k[g-extension of fi(|r|) = ¢~ *(r — 1), which defines, when restricted
to GG, a derivation G — k’IIF{O @ kl'y. So fiody = 0. It is also direct to see that
foody =1 o fi. So the previous diagram represents a chain homotopy f; between
projective resolutions of k over kR. Applying k ’(S% we get the commutative diagram

N ANy ) L N - SN ' N > 0
lfs le lfl lfo lid
> 0 > 0 v kIL @ kD —2 kD —2 & > 0,

From this, we can obtain, arguing as in theorem 6.2.4, an exact sequence of kI'-
modules

B

O—>k®RabL>kI£@k:Ig y kI —2 k » 0,

where the image of © + [R,R] € Ry, under f; is ¢~'(r — 1) for any r € R. By
exactness, the image of f; must be the kernel of 3, and we want to check that this
can be kI'-generated by the elements of {(f(a) —1—t(a—1),0(a)—1) : a € A}. The
image of f; will be kI'-generated by the images under f; of {a~'t"'0(a)t : a € A},
since this set generates the abelian group R,,. Lastly, observe that, for any a € A,

a "t 0(a)t —1=a"'t"" (0(a) -1 —t(a—1)+ (B(a) —1)(t —1)).

Hence
fila™ 't 9(a)t + [R,R]) = (0(a) — 1 — t(a — 1),0(a) — 1).

and the conclusion follows. O

Corollary 6.2.10. Let A = (a) be a cyclic subgroup of H and let # : A — H be a
group monomorphism. Consider the corresponding HNN extension I' = H ;k; . Then

kI} @ kT
kT (0(a) — 1 —t(a—1),6(a) — 1)

= IF?

where this isomorphism of kI'-modules is given by

[(z,y)] = x4yt —1), forall z € Iy and y € kT.
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6.3 Back to group homomorphisms

We wanted to study the maps that group homomorphisms induce between their aug-
mentation ideals. Here will give two instances in which one can derive information
from these induced maps back to the initial group homomorphisms.

Lemma 6.3.1. Let ¢ : G— Ghbea surjective group homomorphism of kernel K.
Suppose that the natural homomorphism of kG-modules

klz @ kG — klg,
kG

defined by the k-linear extension of a ® b — ¢(a)b, is an isomorphism. Then

k®z K = 0.

Proof. We can view any group as a quotient of a free group. We take a free group F’
freely generated by some S C F' and a surjective map F — G of kernel N < F'. By
composing this projection with ¢, we have a surjective F' — G, of (possibly) bigger
kernel N < F'. By using the functoriality of the exact sequence of theorem 6.2.4, we
obtain a commutative diagram of k-modules, with exact rows, of the form

k® Nay —2 kG —2s kI —— 0

E

ko Ny —25 kGO 2 kI, — 5 0,

where the unspecified arrows are the natural ones, induced either by ¢ : G — Gor
the natural inclusion ¢ : N — N.

Applying the right-exact functor ®, skG, where kG has the natural kG structure
induced by ¢, we get a commutative diagram of £G-modules with exact arrows

(k& Nap) @45 kG 225 kG s kg —— 0

N

kE ® Nap S TN WL RN klc —— 0.

We look at the arrows that point downwards. Since the second arrow is surjective
and the third one is injective, then ¢,, ® 1, the first arrow, is surjective. This is one
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of the so called “four lemma” on diagram-chasing. We now rewrite the map ¢, ® 1.
There is a commutative diagram of the form

(k& Nub) @ kG — ko 5

lbab@ﬂ la (6.2)

b ® Nay —— k@ 5,

where 1) is an isomorphism defined by
v(10F+[NN)@g)=10gng™ +[N,N
and « is defined by
a(l®n+[N,N]) =1®(7) + [N, N].
The inverse of ¢ would be given by
o7 (A+N.N) =@+ [N, M) ol

For the previous map to be well-defined, we observe the following in the module
(k@Nab> ®,a kG. Foranyn € N, n € N,

(1®nﬁn*1+[ﬁ,ﬁ])®1:(1®( +[N N])n)®1

[
=
® ®
++
2

Hence, for any n € N and n € N,
(1®[7,n]+[N,N))®@1=0.
This verification says that ¢~! is also well-defined. It is easy to see that v and 1

are inverses of each other. So 1 is an isomorphism of kG-modules.

We proved that ¢, ® 1 is surjective. So the map « of the commutative square
(6.2) must be surjective, too.

From the natural exact sequence of ZG-modules

~j\7 o \ N p S N \ O
[N,N] " [N,N] " N[N,N] ‘
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we obtain, by applying the right exact functor k®, an exact sequence of kG-modules
Z

e} N \ N \

We have already deduced that the map « is surjective, so the image of 3 is zero and
then the third module must be zero. Observe that K = N/N < F/N ~ (7, 50

N
k@ =—— 2k ® Ky, 20. O
N[N, NJ

A particular realisation of the previous lemma is a result due to Lewin.

Corollary 6.3.2 (Lewin). Let G be a group generated by two subgroups A and
B with C = A B. Suppose that kIS = kIS kI§. Then the natural map
A x B — G is an isomorphism.

Proof. Denote G=A x B and name ¢ : G — G the natural map, which is surjective.
Consider a commutative diagram of k-modules of the form

KIS — RIS @ kIG, —2 kIz —— 0

I I Lo

KIS — kIS @ kIS —2 kIg —— 0,

where the arrows are the obvious ones. We define a(z) = (z,—z) for all z € I and
B(x,y) =x+y forall x € I, and y € Ip. By theorem 6.2.8, the first row is an exact
sequence of kG-modules. Furthermore, by assumption, the second row is an exact
sequence of kG-modules.
We apply the right-exact functor kG ® to the first row and we obtain a commu-
kG
tative diagram of kG-modules

KIS —s kIS ® kIS, — 5 kG @, 5 kIz — 0

I I J# l

KIS — s KIS @ kIS —2 5 klg ———— 0,

with exact rows.

Now we look at the arrows that point downwards. The first is an epimorphism,
and the second and fourth are monomorphism. A version of the four lemma ensures
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that the third arrow 1 ® ¢ : kG ®,5 klz — klg is a monomorphism. Moreover,
this map is surjective, since ¢ itself is surjective. By lemma 6.3.1, the map ¢ is an
isomorphism. O



Chapter 7

Universal division rings of fractions

We want to emphasise our aim in talking about the concept of “universal division
rings of fractions” before going into details.

Let G be a candidate to being a parafree group. Suppose we already know that
its pro-p completions GA are free. Suppose, in addition, we also know that, for a
suitable prime p, the kernel of the canonical map ¢ : G — GA is free. Let G be the
image of G under the previous map. We consider the canonical F,G-module

F,G @ F,I5
FpG

and the canonical map of F,G-modules

F,G ® F,lz — F,lg. (7.1)
FpG
If we check that the previous map is an isomorphism, we would deduce, by lemma 6.3.1,
that
F, ® ker ¢ = 0,
Z

implying that ker ¢ = 1, since it is free. In order to check that the map of (7.1) is
an isomorphism, we develop a “dimension function” on F,G-modules. This map is
clearly surjective and, assuming reasonable properties about this “dimension func-
tion”, if we prove that the dimension of both involved modules is the same, then the
surjective map of (7.1) would be an isomorphism, as we want.

This dimension function would be defined as follows. Let F,G — D be an
embedding of F,G into a division ring D. A tentative “dimension function” for the
collection of F,G-modules M goes as follows. We can define

dim M =dimpD ® M.
F,G

67
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However, for this dimension function to enjoy desirable properties, the ring D cannot
be any division ring. It has to be “minimal” and “universal” in some sense. We will
now give a brief account of how these notions are precised for some classes of rings,
before introducing the universal division ring of fractions of IF,G.

7.1 Embeddability of domains into division rings

For a ring to be embeddable into a division ring, this ring must be a domain. In
the commutative setting, this condition is not only necessary but also sufficient for
the existence of such embedding. In fact, given a commutative domain A, there
is the standard construction of the field of fractions Frac(A) of A with a canonical
embedding A — Frac(A). It satisfies that, for any ring homomorphism f : A — B
such that f(A\ {0}) C B*, there exists a unique R Frac(A) — B such that
fo v = f; that is, such that the diagram

\ 7 (7.2)

Underlying the construction of Frac(A), there is the more general notion of lo-
calization, of fundamental importance in algebra and geometry. There is also a

non-commutative analogue of this notion, namely the localization in the sense of
Ore.

Given a ring R and a (multiplicatively closed) subset S C R, we ask for the
existence of a ring Rg equipped with an injective map ¢g : R — Rg such that

1S commutative.

1. the map ¢g is injective;

2. any element of Rg can be written in the form ¢g(r)¢s(s)™* for some r € R
and s € S; and

3. for any ring homomorphism ¢ : R — B with ¢(S) C B*, there exists a unique
Vg : Rg — B such that ¢ = 9 o ¢g. In other words, the diagram

X 5 (7.3)
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would be commutative.

The natural candidate for Rg, and, in fact, the only one, is constructed from R
by attaching inverses t, to each element s € S as follows
R (ts;s € 5)

Rg = ) 7.4
S (tss — 1,sts — 1;5 € 5) (74)

It is easy to check that it the universal property of the diagram (7.3). It would
remain to ask under which conditions can we ensure that the canonical map ¢g :
R — Rg is injective and that the elements of Rg can be written as as~!. In this
case, we name Rg the right Ore localisation of R with respect to S. We give sufficient
conditions due to Asano and Gabriel, inspired by the work of Ore [42].

Definition 7.1.1. We say that S C R is a right Ore set of regular elements if

1. S is closed under multiplication.
2. For any a € R and s € S, as = 0 implies that a = 0.

3. Forany a € Rand s € S, aS[sR # 0.

The following statement is taken from the book of Cohn [12, Theorem 0.7.1].

Theorem 7.1.2 (Criterion for faithful localization). Let S C R be closed under
multiplication. Then the canonical map R — Rg, defined in (7.4), is an embedding
and every element of Rg can be written in the form rs=!, forr € R, s € S, if and
only if S is a right Ore set of reqular elements.

Definition 7.1.3. A ring R is said to be a right Ore domain if S = R\ {0} is a
right Ore set of regular elements. In this case, R can be embedded into Rg, which is
a division ring generated by R. We name Que(R) = Rg the (right) Ore division
ring of fractions.

It is not very difficult to find a big family of non-commutative Ore domains.

Proposition 7.1.4 (“Little Goldie’s theorem”, 1957). Let R be a right Noetherian
domain, then S = R\ {0} is a right Ore set of regular elements. In particular, R
can be embedded into its right Ore ring of fractions, which is a division ring.

Proof. To check that S = R\ {0} is a right Ore set of regular elements, we only
have to verify that for any a € R and s € S, aS[)sR # (). If a = 0, the previous
intersection contains zero. Suppose that a # 0 and consider the chain of right ideals
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I, = (s,as,a®s,...,a™s), which is increasing, so it has to stabilise. In particular,
there exists n > 1 so
n—1
as = a* sry, for some ry, € R.
k=0

Consider the minimal kg so 7y, # 0, then

n—2
ala"Fots — g a" ko sy, | = sy, € aSﬂsR. O
k=ko

This produces many examples of Ore domains, such as polynomial algebras. We
review the situation by saying that an Ore domain R can be embedded into its
Ore division ring of fractions toe : R < Qore(R) and that this embedding verifies
the following universal property. For any ring homomorphism ¢ : R — B such
that ¥(R\ {0}) C B*, there exists a unique 9 such that the following diagram

R —% Qore(R)
(7.5)

is commutative. In addition, if ¢ is injective, the resulting 12 is injective, too.
Moreover, Qoe(R) is a flat R-module. This means that the functor ®Qore(R), from
R

the category of R-modules to the category of abelian groups; preserves exactness of
short exact sequences.

When discussing the question of embedability of domains into division rings, it is
natural, for historical reasons, to introduce the class of Ore domains. Furthermore,
these domains will be part of our arguments in section 7.6. However, the class of
Ore domains is still a very restrictive one. In fact, a result of Bartholdi and Kielak
[1] states that a group ring K'G, with coefficients in a field K, is an Ore domain
if and only if KG is a domain and G is amenable. For this reason, the previous
methods will not be directly applicable to our groups of interest, namely abstract
subgroups G of free pro-p groups F. The crucial aspect of these groups G is that
they are orderable.

Malcev and Neumann discovered independently a way to embed the group ring
of an orderable group into a division rings of power series. For the group Z, notice
that KZ = K[X, X1]. The embedding provided by Malcev and Neumann, where
Z is viewed with the standard ordering, would be K[X, X! — K((X)), where
K((X)) denotes the ring of one-variable Laurent series with coefficients in the field
K.
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Definition 7.1.5 (Malcev-Neumann construction of D((G))). Given a division
ring D and an orderable group G, we define the formal power series of G' over D,
denoted D((G)), as the set of formal sums

Z a4 g : the support {g : a, # 0} is well-ordered

geG

The operations on D((G)) are defined analogously as in K ((X)).

Zagg + Zbgg :Z(a9+bg>g- (7.6)

g

Sagg | [ Dot =D b | k. (7.7)

g k gh=k

The difficult technical lemma about the order on GG which allows one to prove
that (7.7) is well defined and that D((G)) is a division ring is the following.

Lemma 7.1.6. Let G be an orderable group and let S C G be a well-ordered subset
such that s > 1 for every s € S. Consider

=5

n>1

Then S is well-ordered and every s € S“ appears only in finitely many sets S™.

Given an element 0 # > _,a,9 € D((G)), we use the previous lemma to
explicitly write down its inverse. Since its support is well-ordered, it has a minimum
go € G, and we can write

O#Zagg:agogo 1+ Z by g

geG 1<geG

This way, writing ¢ = Zl<geG by g, its inverse will be

Z(—l)kck ag' g0 (7.8)

k=0

We refer to the paper of Neumann [40, Part I] for details.
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This provides embeddings into division rings for group rings of orderable groups.
However, for these group rings, there may not exist a division ring D and a monomor-
phism R <— D verifying a universal property in the sense of the commutative dia-
gram (7.5).

There is still a suitable and weakened notion of universality for division rings,
due to Cohn, which we shall discuss next.

7.2 Definition and existence of the ring Dy

Definition 7.2.1 (Division closure). Given a ring extension Ry C Dy, where Dy is a
division ring, we say that D C D, is the division closure of Ry in Dy if Ry generates
rationally Dy. In other words, each element of Dy can be built up from the elements
of Ry in stages, using addition, subtraction, multiplication, and division by nonzero
elements. We denote the division closure of Ry in Dy by D = D(Ry, Do) or, simply,

Definition 7.2.2. A R-ring is a homomorphism ¢ : R — S. Two R-rings ¢; : R —
S1 and ¢ : R — S5 are said to be isomorphic if there exists a ring isomorphism
a :S7 — Sy such that ¢ = a0 ¢.

We now precise Cohn’s notion of universal division ring of fractions.

Definition 7.2.3. Consider a R-ring ¢ : R — D. We also say that it is

1. a division R-ring if ¢ is injective and D is a division ring;

2. a R-ring of fractions if D is generated by ¢(R).

If the previous conditions hold, then we say that ¢ : R — D is a division ring of
fractions of R.

Definition 7.2.4. Let R be a ring and let D; and D, be two division R-rings of
fractions.

o We say write dimp, < dimp, if any finitely presented module M, it follows
that dimp D ® M < dimp D' @ M.
R R

e We say that there is a specialization from D; to D, if there exists a local
subring R C B C D; with residual division ring isomorphic to Ds.
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Definition 7.2.5. Let Dy be a division R-ring of fractions. We say that it is
a universal division R-ring of fractions if, for any other division R-ring of
fractions D', dimp < dimpr .

We can give a few families of examples.

Example 7.2.6. The following rings R have a universal division R-ring of fractions
Dk.

e Commutative domains A, for which Dy = Frac(A).

e More generally, right (resp. left) Ore domains R, for which Dg is their right
(resp. left) Ore division ring of fractions Dr = Qore(R).

Semifirs [10]: A ring R is said to be a semifir if every finitely generated left
ideal of R is free of fixed rank.

In particular, if K is a field, then R = K((X)) has universal Dg since R is a
semifir by [12, Proposition 2.9.19]).

Another significant example for us is the completed group algebra F,[[F]]. We
know, from theorem 4.4.2, that this ring is isomorphic to F,((X)), where |X| = d(F).
From the previous examples, we know the following.

Proposition 7.2.7. The ring F,[[F]] has a universal division ring of fractions
Dr, vy

As we remarked before, there is no chance in having universal property for the
embedding R < Dp as in the setting of Ore division rings of fractions (7.5). In fact,
Herbera and Sanchez [22] prove that, if R = K(X) with |X| > 1, there are infinitely
many non-isomorphic R-division rings of fractions. However, for some favourable
situations one still expects to be able to compare different R-division rings. For
example, let G be a subgroup of F. Then F,G embeds into Dy, ) and also into
F,((G)), after giving G some ordering. It is not easy to compare both embeddings
nor to study whether one of them turns out to provide a universal division F,G-ring.
Both questions are answered positively. Interestingly, Cohn and Hughes developed
some methods that allow us to compare different R-division rings and, in particular,
to prove the previous claim about F,G—division rings of fractions. First of all, let us
mention a more elementary criterion that can be used to compare division R-rings
for Ore domains R.

Lemma 7.2.8. Suppose that R is an (left or right) Ore domain and that R < D
is a division R-ring of fractions. Then D and Qu(R) are isomorphic R-rings.
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Proof. By the universal property (7.5) of the Ore division R-ring of fractions R <
Qore(R), there is a commutative diagram

(7.9)

with zZ injective. Furthermore, since R — D is a division R-ring of fractions, then 1/p\
is surjective. So v defines an isomorphism between the R-rings D and Quo(R). O

We will talk about Hughes criterion later, we start with two results of Cohn |11,
Theorem 4.4.1 and Subsection 4.1].

Proposition 7.2.9. Let R be a ring and let D; and D, be two division R-rings of
fractions. Then the following holds.

e The rings D; and D, are isomorphic, as R-rings, if and only if dimp, = dimp,.

e There is a specialization from D; to D, if and only if dimp, < dimp,.

In particular, if the universal division ring of fractions Dy exists, then it is unique.

Definition 7.2.10. Let R — Dpg be a universal division R-ring of fractions. Given
a R-module M, we denote

R
By proposition 7.2.9, this is well-defined.

In section 7.4, we will use the criterion of proposition 7.2.9 to check that for any
closed subgroup H of F, the division closure of F,[[H]] in Dy, g} is isomorphic to
Dr,my)-

Using this fact, we would later prove, in section 7.5, that Dg g exists and that
the division closure of F,GG in Dy, gy is isomorphic to Dg,g. However, in this case,
we will not use proposition 7.2.9, but a criterion of Hughes on group rings of locally
indicable groups (definition 2.2.10).
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7.3 Sylvester rank functions

Before establishing properties about the rings Dy, and Dg, ), we discuss some
properties about their induced dimension functions in terms of Sylvester rank func-
tions.

Let M be a finitely presented R-module. This is, there is an exact sequence of
R-modules
R"™ — R"— M — 0.

In other words, there is a matrix A € M,,«,(R) such that

R™
RmA’

M =

The consideration of a reasonable “dimension function” dim on R-modules M is
related to a reasonable “rank function” on matrices A € M, x,(R).

For example, let D be a division R-ring. Then
dimpD @ M =n —rkp(A), (7.10)
R

where rkp(A) is the rank of A as a matrix with coefficients in the division ring D.

For more general rings, that are not division rings, we do not expect a notion of
rank as well behaved as the one coming from linear algebra, though we are interested
in those which preserve some of their convenient properties.

Definition 7.3.1. Let R be a ring. A Sylvester matrix rank function rk on
R is a function that assigns a non-negative real number to each matrix over R and
that satisfies the following conditions.

1. tk(A) = 0 if A is any zero matrix and rk(1) = 1.

2. For all matrices A;, Ay
A 0
rk ( 01 A2> =rk(A4) + rk(A,).
3. For all matrices A;, Ay, Az, of appropriate sizes,

ik (AT A3 S a4y + rk(Ay).
0 A
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Given a Sylvester matrix rank function rk on R, we have a “dimension” function
on finitely-presented R-modules by setting dim(R"/R™A) = n —1k(A), as occurs in
(7.10). This rk enjoys the following properties.

Definition 7.3.2. A Sylvester module rank function on R is a function that
assings a non-negative real number to each finitely presented R-module and that
satisfies the following conditions.

1. dim({0}) = 0 and dim R = 1.
2. dim(M; & M) = dim M; + dim M,, and
3. if M7 — My — M5 — 0 is exact, then

By previous comments, we know there is a natural correspondence between
Sylvester matrix rank functions and Sylvester matrix module functions. Our next
aim is to discuss a few aspects about the convergence of these Sylvester rank func-
tions. However, these notions uniquely provide a “dimension function” for finitely
presented modules. Recall that we are also interested in finitely generated modules.
Given a Sylvester matrix rank function, Li [32] provides a way to extend the induced
dimension function to finitely generated modules so it verifies some favourable prop-
erties, as those listed in definition 7.3.2.

Definition 7.3.3. Given a Sylvester module rank function dim, we define its ex-
tension to finitely generated modules M as follows.

dim M = inf{dimM : M is finitely presented and M is a quotient of M }.

The following lemma reflects that this is a natural extension for the type of
module rank functions we are interested in.

Lemma 7.3.4. Let R — D be a division R-ring. We consider the Sylvester module
rank function dim defined by

dim M = dimp D & M.
R

Then the extension dim to finitely generated modules M verifies that

dimM = dimp D ® M.
R



7.3. SYLVESTER RANK FUNCTIONS 7

This exhibits that in order to study these dimension functions, it suffices to
restrict ourselves to the study of finitely presented modules. However, for other
Sylvester rank functions, their extensions are not as easy to depict. Before describing
more precise examples about this phenomena, we introduce the useful notion of
convergence in Sylvester rank functions.

Definition 7.3.5. Let dim; and dimy be Sylvester module rank functions on R. We
write dim; > dimy if, for every finitely presented R-module M, dim; M > dimy M.

By proposition 7.2.9, we can say that the universal division R-ring of fractions Dg
is the the division R-ring of fractions which induces the minimal Sylvester module
rank function dimpg.

Definition 7.3.6 (Convergence). Let dim, dim; be two Sylvester module rank func-
tions on R. We write rk = lim; ., rk; if, for every finitely presented R-module M,
dim M = lim;_, ., dim; M.

Equivalently, one could define the previous notion of convergence by setting a
right topology in the collection of Sylvester matrix rank functions. Precisely, we
denote by P(R) the collection of Sylvester matrix rank functions on R and we view
P(R) as a subspace of the space of real-valued functions on matrices, RM#(R). This
bigger space is endowed with the topology of pointwise convergence. Then P(R) is
a compact convex subset of RMat(5)

There are many interesting problems, for example, in the surroundings of Liick
approximation conjectures, which can be rephrased, and generalised, in terms of
convergence principles of certain Sylvester matrix rank functions.

Lemma 7.3.7. Let M be finitely generated R-module and suppose that dim =
lim;_, o, dim;. Then

dim M > lim sup dim M;.

1—>00

If, in addition, dim; > dim for all 7, then

dim M = lim dim M;, for all finitely generated R-modules M.

i—00

Proof. Let W be the set of all finitely presented R-modules M such that M is a
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quotient of M. Then

dim M = inf dim M
MeW

= inf limsupdim; M
MeW i—oo

> limsup inf dimiM
i—oo MeW
= lim sup dim; M,
i—00
and the first part of the statement follows. If, in addition, dim; > dim, then it is
clear that
liminf dim; M > dim M,

1—00

so it follows that lim;_,, dim; M exists and equals dim M. O

7.4 The ring DFpHFH
Our next aim is to study concrete convergence of Sylvester module rank functions
of IF,[[F]], following the treatment of |26, Section 3.1]|.

Proposition 7.4.1. Let F = N; > Ny > --- be a chain of open normal subgroups
with trivial intersection. Let M be a finitely generated F,[F]]-module. Then

dimyg, (FP[F/Ni] ® M)

Fp[[F]]

dimg, gy M = zliglo |F : N

Proof. Let N be a normal open subgroup of F, we define the Sylvester module rank
function dimp, g/ on Fp[[F]] by

dimyp, <1Fp [F/N] ® n M)

|F : N|

dimg, p/n) M =

We claim that
dim]Fp[F/N] Z dimpp[[F” . (7.11)

In fact, let M be a finitely generated F,[[F]]-module with

dimg, py = dimpy e, Dryey %Fn M = k.
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Then there exist k elements {my,...,my} C M such that {1®my,...,1 ®@my} are

Dy, jr)-linearly independent in Dy, g . ([EE)FH M. In particular, the F,[[F]]-submodule

N spanned by {my,...,my} is free of rank k. So F,[F/N] ® N 2F,[F/NJ*isa
Fp[[F]]
[F,-subspace of F,[F/N| ® M of dimension k|F : N|, implying that
Fp[[F]]

dimg, [ F,[F/N] ®
y [F)

N)
] .
=k= dlme[[FH M.

di M) >
lme[F/N]( ) = |F : N]

This proves (7.11).

Furthermore, if M is a finitely presented IF,[[F|]-module, then [24, Theorem 1.4]
implies that
dime[[FH M = hm dime[F/Ni] M. (7.12)
1—00

With (7.11) and (7.12), we can apply lemma 7.3.7 to conclude that for all finitely
generated F,[[F]]-module M,

dim]Fp[[F” M = zli{& dime[F/Ni] M. ]

Given a closed H < F, the next proposition will allow us to view Dg, gy inside
D, (r-

Proposition 7.4.2. Let H be a closed finitely generated subgroup of F. The fol-
lowing holds.

(a) Let Dy be the division closure of F,[[H]] in Dy, g;. Then Dy and Dy, gy are
isomorphic I, [[H]|-rings.

(b) If M is a finitely generated F,[[H]]-module, then

dimp, [y M = dimp,ry | Fp[[F]] @ M.
¥, [H]]

(c) If H is open, then
dimDH D]Fp[[FH = |F : H|

(d) If H is open, then

Dr, wy = Fy[[F]] . ([%H]] De, )

canonically as (F,[[F]], F,[[H]])-bimodules.
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Proof. By corollary 4.5.8, the pro-p group H is free. Let F =N; > Ny > --- be a
chain of open normal subgroups with trivial intersection. Define H; = IN; (VH. Then
H =H, > H, > --- is a chain of open normal subgroups with trivial intersection.
Let M be a finitely generated I, [[H]]-module.

(a) By proposition 7.4.1,

(7.13)

I [[H]]

1—00 |H . Hz|

There is an injection of finite p-groups H/H; — F/N; and the image can be iden-
tified with HN,;/N;. This yields to an isomorphism

(F/N;)/(HN,/N,) = F/HN,
Therefore, considering F,([F/N] as a right F,|[H]]-module, we obtain that
F,[F/N,| = F,[H/H;]FHNi

as right [F,[[H]]-modules. So

dimg, [ F,[F/N;] ® M
) B F,[[H])

di F, H/H, M

Fp[[H]]

Combining the latter equation; the application of proposition 7.4.1 to the finitely

generated [F,[[F]]-module F,[[F]] ® M; and (7.13), we conclude that
Fp[[H]]

dim, (Fp[F/Ni] ® (F[[F] ® M))

. ‘ F, [[F]] Fp[[H]]
dimg, e | F[[F]] gy M| = |F : N
dimg, (FP[F/ N ) M)
=i ’
e F N
dimz, (F”[H/ B o M>
=i ’
Fareed |H : Hj|

= dimp, ey M.
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On the other hand, since Dy is the division closure of F,[[H]| in Dy, y; then

dimpe, e (DFPHHM e M ) = dimp, ey M

= dimg, (jr) (Fp[[FH ® M)

Fp[[H]]

= dimpy o) | Dr, () IFP%F]] <FpHFH ]FP%HH M)

Fp[[H]]

By Cohn’s criterion (proposition 7.2.9), the division F,[[H]]-rings of fractions Dy
and Dy, are isomorphic.

(b) This was verfied during the proof of (a).

(c) Given a F,[[F]|]-module M, there are canonical isomorphisms of F,-vector
spaces F)H/H;] @ M =2 F, ® M and FJJF/N;] @ M =2F, ® M.
' Fy [H] " ey (H) ' Fy[[F) " B[N
Moreover, since H is open then by compactness there exists N such that, for all
i > N, N; C H and hence N; = H;. Now using the latter observations and (a) we

get

dimpy, Dy, gy = dimg, [m)) Dr, #]
dimg, | F,[H/N;] @ Dr, sy
L F, [[H]
A H : N;|

dim F, ® D
Fp ( p]FpHNiH le[[F}]>




82 CHAPTER 7. UNIVERSAL DIVISION RINGS OF FRACTIONS

dimg, | F, ® Dy,
FoH I Fp [NS]]
= . 1m

di F,[F/N;]] ® D
img, ( »[F/Ni]] . Fp[[FH>
=P H] F:N|

= |F . H| dime[[F]] D]FP[[F]] = |F . H|

(d)  We first prove this when we additionally have that H is normal. In
this case, the automorphism-actions of F on Dg, induced by conjugation, leave the
subring IF,[[H]] invariant; and, then, F also normalizes its division closure Dy in
Dy. As a consequence, the F,, subspace FDy spanned by all the products {f-d: f €
F.a € Dy} is a subring of Dy, [gy. Moreover, it is clear that dimp, (FDy) < |F :
H| < co. This implies that FDy is a domain and a finite dimensional Dy-algebra;
hence it is a division ring. Therefore, since FDy contains F,[[F]] , FDyg = Dg .
We deduce that the canonical map of (F,[[F]], Du)-bimodules

o F||F Dy — D
pl[F]] o O P 7, [F]
can be read as a surjective homomorphism of right Dg-modules of the same finite
dimension by (b) and (c). So « is an isomorphism.

Having verified the property of (d) for open normal H <, F, we want to extend
this property to all open H <, F by induction on the index |F : H|. If |F : H| < p,
then H <, F satisfies the property. If |F : H| > p, then there exists an open normal
H <, H; <, F with |F : H;| = p. By the inductive hypothesis,

Dy e ZF[[F]] ® Du2F,[F] ® (F[Hi ® Du|=F[F|] ©® De i,
i) = Bl ]]Fpnﬂn =B HFPHHM( ol 1]]1Fp[[H}] H) ol HIFPHHM Folir]

with canonical isomorphisms of (F,[[F]], Dg)-modules in each step. The induction
is complete. O

From now on, we can identify Dy and Dy, gy as F,[[H]]-rings without explicit
mention of it.

7.5 The ring Dy ¢

There are some convenient features about group rings K G of locally indicable groups.
A result of Higman says that these rings are domains and that (KG)* is K* x G.
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We will talk about a specific type of division rings of fractions of these group rings,
introduced by Hughes.

Definition 7.5.1. Let [ be a group and let KI' < D be a division KT'-ring of
fractions with the following property. For every finitely generated S <T < T, such
that T'= S x Z, where Z < T is generated by t € T, we have that

S kst (7.14)
€L

is a direct sum of K S-submodules of KT' C D. Then we say that D is Hughes-free.

The following is proven in [23].

Theorem 7.5.2 (Hughes). Let I' be a locally indicable group. There exists at most
one Hughes-free division KT'-ring of fractions up to KI'-isomorphism.

The following result is a consequence of [27, Theorem 1.1.].

Theorem 7.5.3 (Jaikin-Zapirain). Let G be a residually-(torsion-free nilpotent)
group and let E be a division ring. Then there exists the universal division EG-ring
of fractions Dgg and it 1s Hughes-free.

As a consequence of the last two results, we can prove that a prior: different
F,G-division rings of fractions are [F,G-isomorphic and universal, as the following
corollary reflects. Let G be an abstract subgroup of F, then G is residually-(torsion-
free nilpotent) by proposition 4.3.7 and theorem 7.5.3 applies.

Corollary 7.5.4. Let F be a free pro-p group and let G < F be a subgroup.

1. Let D; be the division closure of IF,G in Dg, g

2. Take any group order < on G and let Dy be the division closure of F,G in the
corresponding F,((G)).

Then D; and D, are both isomorphic, as F,G-rings, to Dr,q.

We divide the verification of this corollary in two lemmas. The first lemma will
correspond to the verification of the first part and relies on an improvement of the
Hughes-freeness criterion (theorem 7.5.2) that is due to Sanchez [46, Theorem 6.3].
An alternative approach of the first part of corollary 7.5.4 based on Cohn’s criterion
(proposition 7.2.9) is taken in [26, Proposition 3.4].
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Lemma 7.5.5. Let F be a free pro-p group of finite rank and let G < F be a
subgroup. Let Dg be the division closure of F,G in Dg, . Then D¢ is Hughes-
free.

Proof. Since F,G has a Hughes-free division F,G-ring of fractions (theorem 7.5.3),
then in order to conclude that D¢ is isomorphic to Dy, (and hence that it is Hughes-
free), it suffices to ensure by [46, Remark 6.4(a)| the following property: for all
finitely generated T' < G, there exists a subgroup Ny <7 with T" = (Ny,t) = Ny X Z
such that (7.14) is satisfied; or, in other words, such that the canonical map of
(F,T, Dy, )-bimodules

0 FP[T] & DNO — Dr (715)

FpNo

is injective.
Consider the pro-p group T. It is a closed subgroup of F. By corollary 4.5.8,
it is free of positive rank. As a consequence, there is a continuous epimorphism

f:T — Z,. Its kernel K is a closed subgroup of T. We consider K = KT
Notice that T'/K = Z'™ for some m > 1.

We want to prove that the canonical map of (F,T", Dk )-bimodules

(07 Fp[T} ]F®K Dk — Dr (716)

is injective.
Recall that IF,T" is a free right IF, K-module with a free basis given by a choice
{c;} C T of representatives of the left-cosets of K in T'. As a consequence, F,T' ® Dy
Fyp K

P

is a free right Dg-module of basis {¢; ® 1}. Similarly, let H be an open subgroup of
T. Then F,[[T]] is a free (profinite) right I, [[H]]-module with basis given by a choice

of left coset representatives {c,} of H in T. In particular, viewing F,[[T]] ® Dxu
Fp[[H]]

as a right Dy-module; the set {¢; ® 1} is Dy-linearly independent.
Let us take some 0 # = = > ¢, ®d; € F,7 ® Dg, where n > 1 and

Fp K
0 # d; € Dk. First of all, since K = K7, the elements {c;} represent different
left-cosets of K in T'. For these fixed ¢y, ..., c,; there must exist an open subgroup

H < T such that the elements {¢;}7 represent different left-cosets of H in T

There is a commutative diagram of canonical homomorphisms of (F,T’, Dk )-
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bimodules

FPT®DK;>DT
FpK

s [
F[T] ® Dy —— Dy,
Fp[[H]]

where the map ~ is an isomorphism by proposition 7.4.2.

By the choice of H, f(z) = >, ¢; ® d; # 0. So, due to the commutativity of
the above diagram, a(z) # 0; hence « is injective.

We select any K < N <T such that T/N = Z.

There is a commutative diagram of canonical homomorphisms of (F,T’, Dk )-
bimodules

F,N ® Dg — Dy

ko]

IFPT X DK —2 DT,
FpK

where a has been proven to be injective; and /3, is injective because F,N is a direct
summand of F,T" as right F, K-modules. It follows that «; is injective.

We denote Di N to be the F,-linear span of elements of the form ab with a € D
and b € N. This is a subring of Dy because the automorphism-actions of N on
Dy, induced by conjugation, leave the subring F,K invariant; and, then, N also
normalizes its division closure Dk in Dy.

We claim that Dg N is an Ore domain.

Notice that there is a natural ring homomorphism from the crossed product IF,, K *
N/K — DgN. By the injectivity of ay, the previous is, in fact, an isomorphism.
Since Dg N is a domain and F, K * N/K is Noetherian, due to N/K being abelian;
then Dk N is an Ore domain by Goldie’s theorem (proposition 7.1.4). Since DgN <
Dy is a division F,N-ring of fractions of the Ore domain DgN; then, by (7.2.8),
Dy is isomorphic to Qore(Di N).

Observe that Dk N can also be seen as the isomorphic image of the (F,N, Dk )-
bimodule F,N ® Dy under a;. There is a commutative diagram of (F,N,Dg)-
Fy K
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bimodules
F,T ® Dk
Fp K

s

F,T ® DxN —2= Dr,
F,N

from which we deduce that as is injective. Recall that ® Que(DxN) is an exact
DN

functor, so the induced map
Qs . (FpT & DKN> & Qore(DKN) — DT & Qore(DKN) = DT
FpN DN DrN

is injective, too. We recall that Que(DxN) = Dy canonically; so we have an
injective canonical homomorphism of (IF,T', Dy )-bimodules

Oy - FP[T] & DN — DT- (717)
F,N
This proves that we can take Ny = N on (7.15) and the proof is complete. ]

Remark 7.5.6. In the previous lemma, the use of the criterion of J. Sanchez to es-
tablish the Hughes-free property of Dy was crucial. It might be tempting to directly
prove this property for any pair (S,T), with S <T <G and T/S = Z; by reduc-
ing it to the “pro-p Hughes-free property” that was established in proposition 7.4.2.
However, one may not be able to separate S and 7" with pro-p closed subgroups.
In other words, it may happen that 7 C S. For instance, one can take F = Z,;
a=1+Y7"p*b=1+57",p*" S =(a); and T = (a,b). It is clear that
a,b are Z-linearly independent in Z,, so T/S = Z. Furthermore, S =T = F.

Lemma 7.5.7. Let G be an orderable group, with a choice of <, and let Dg be the
division closure of F,G in the division F,G-ring F,((G)). Then for any H < G, the
canonical map of (F,G,F,H )-bimodules

F,G ® Dy — Dg
FpH
is injective.
Proof. The canonical map a : F,G ® Dy — D¢ is defined by a ® b — ab, for all
FpH
a € F,G, b € Dy. We take a collection of representatives {t; : ¢ € I} of the left

cosets of H in G. This way, G is equal to the disjoint union U;e;t; H and F,G admits,
as right F, H-module, the decomposition F,G' = @®;ct;F,H. So F,G ® Dy admits,
Fp H
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as right Dy-vector space, the basis {t; ® 1 : i € I}. We gave a description of the

inverses of elements of F,((G)) in (7.8). In particular, it implies that any element

of Dy is supported in H. Let us take x = Y., t; ® ¥; € F,G ® Dy, whose image
FpH

equals o(x) = >, tiwy. If © # 0, then x; # 0 for some j. Write z; = >,y An b,
with A\, € F), and some A, # 0. Since ¢;z; is supported in the coset ¢;H, then the
coefficient of the power series ) ., t;x; corresponding to ¢;hg is equal to Ay, # 0.
So a(x) # 0 and « is injective. O

With these two lemmas, corollary 7.5.4 follows directly from previous results.

Proof of corollary 7.5.4. By proposition 4.3.7, G is residually-(torsion-free nilpo-
tent) and hence, by theorem 7.5.3, there exists a universal division F,G-ring of
fractions D, and this is Hughes-free. Both D; and D, are Hughes-free division
F,G-rings by lemmas 7.5.5 and 7.5.7. We deduce by theorem 7.5.2 that these division
F,G-rings are isomorphic, since all of them are Hughes-free. m

Corollary 7.5.8 (Strong Hughes-free property). Let G be a residually-(torsion-free
nilpotent) group. Then Dg,q is strongly Hughes-free, this is, for any H < G, the

canonical map of (F,G,F,H )-bimodules

FpG & DFPH — DIFpG
FpH
is injective.
Proof. By proposition 2.2.9, GG is orderable. After taking an ordering < on G, we
know from lemma 7.5.7 that the division closure D¢ of F,G in F,,((G)) is Hughes-free.

By theorem 7.5.2 and theorem 7.5.3, Dg and Dy, are isomorphic F,G-rings. There
is a commutative diagram of canonical homomorphisms of (F,G,F,H )-bimodules

F,G ® Dy — F,G ® D,

FpH
[ 4
Dg ———— Dr,c,

where the horizontal arrows are isomorphisms. We already verified in lemma 7.5.7
that « is injective. So [ must be injective, too. n

We finish this section with a formula that allow us to estimate dimensions of
F,G-modules by approximating it with the aid of finite-index subgroups of G.



88 CHAPTER 7. UNIVERSAL DIVISION RINGS OF FRACTIONS

Proposition 7.5.9 (Liick-type approximation). Let G be an abstract finitely gen-
erated subgroup of a free pro-p group of finite rank F. Let F =N; > Ny > ... bea
chain of open normal subgroups of F with trivial intersection. Define G; = G N;.
Then for every finitely generated IF,G-module M,

dime (]Fp ® M)
Fy[Gi
dimeG M = llIIl .

1—00 |G : Gz|

Proof. Let Dg be the division closure of F,G' in Dg, (). By corollary 7.5.4, Dg and
Dy, are isomorphic as F,G-rings. So

dimeG M = dil’IlDG (DG ®G M)
Fyp

In addition,
dimp, (Dg @ M) = dimp, e, (Dr, ey & M) = dim, ey (F, [F]] @ M).

Since there is a canonical isomorphism G/G; — F/N;, we have that

IFp F%v M %JFP[G/GZ‘] 1F®GM g]Fp[]-:‘/l\ri] JF®GM ng[F/Ni] ®F (Fp[[FH ® M) :

Thus, by proposition 7.4.1,

dims, F,[F/N] & (FpnFn . M)

di M=1
HHF,G s |F @ Ny i—00 [exyen

and the conclusion follows. O

7.6 Examples of Dy ¢-torsion-free modules

The importance of the existence of a universal division rings of fractions of a ring
R, denoted by Dg, is that it yields to a dimension theory of certain R-modules by
extending them to scalars in Dg. However, we need our Dg-modules to be torsion-
free for an statement of the type “surjective homomorphisms between R-modules of
the same dimension are isomorphisms”.

We start by defining the concept of Dg-torsion-free modules. We then give some
general methods to construct them; and, finally, we give some explicit families of
Dr,g-torsion-free modules.
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Definition 7.6.1. Let R <— D be an embedding of the ring R into a division ring
D. Let M be a R-module. We say that M is D-torsion-free if the canonical map
M — D ® M is injective.

R

The following provides a more flexible criterion for verifying whether a module
is torsion-free.

Lemma 7.6.2 (Characterisations of torsion-freeness). Let A be a F,G-module.
Then M is Dy, g-torsion-free if and only if there exists a Dg,g-module N and an
injective homomorphism of F,G-modules M — N.

We leave stated other two lemmas which are not hard to prove. We refer to |26,
Section 4.1] for details.

Lemma 7.6.3. Let D be a division R-ring and let M be a D-torsion-free R-
module of finite D-dimension. Let L be a non-trivial R-submodule of M. Then
dimp(M/L) < dimp(M). Moreover, if dimp L = 1, then dimp(M /L) = dimp M —1.

Lemma 7.6.4. Let D be a division R-ring and let 1 — M; — My — M3 — 0 be
an exact sequence of R-modules. Assume that

1. M, and M; are D-torsion-free;
2. dimp M; and dimp M;3 are finite; and

3. dlmD Ml + dlmp M3 = dll’np MQ.
Then M, is also D-torsion-free.

We denote by H < G subgroups of a free pro-p group F. we alternatively classify
what is it to be torsion free.

Lemma 7.6.5. Let M be a F,H-module. Then M is Dy, g-torsion-free if and only
if F,G ® M is D, g-torsion-free.
FpH

Proof. Suppose that M is Dy, g-torsion-free. Then the canonical map

M—>D]FPH ® M
FpH

is injective. Notice that F,G is a free right [F, /-module. Thus the canonical map

Fp H

F,G ® M -TF,G ® (DFPH ® M)
F,H F,H
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is also injective. The right-hand side IF,G-module is canonically isomorphic to

(IE‘pG ® D@H) ® M.
FpH FpH

We want to embed this F,G-module into a Dg,g-module. To do so, we recall the
strong Hughes-free property of corollary 7.5.8, which says that the canonical map
of (F,G,F,H)-bimodules

F,G F®H Dr,g — Dr,c

is injective. Since Dy ¢ is a free right Dp g-module and Dy g is a free right F,H-
module, we deduce that both F,G ® Dg,g and Dy, are free right F, H-modules.
FpH

It follows that the canonical map of F,G-modules
(FpG ® DFPH> © ML Dpe ® M.
FpH FpH FpH

Composing o and /3, we construct an injective [F,G-homomorphism between F,G ®
FpH

M and the Dg,g-module Dp,¢ ® M.
Fp H

By lemma 7.6.2, we conclude that F,G ® M is a Dy g-torsion-free module. [
FyH

Proposition 7.6.6. Let H < G < F and let A be a maximal abelian subgroup of
H. Then the F,G-module
Fp Iy [ Fpld

is Dy, g-torsion-free.
Proof. Omitted. It is proven in |26, Proposition 4.8|. ]

This directly leads to the following consequence.

Corollary 7.6.7. Let u € G. Suppose that the cyclic group (u) that u generates is
maximal abelian in . Then the F,G-module

)
F,G(u—1)

is D, g-torsion-free.

The next proposition produces torsion-free modules that have the form of aug-
mentation ideals of amalgamated products with cyclic amalgam.
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Proposition 7.6.8. Let H; and H, be two finitely generated subgroups of a finitely
generated free pro-p group F. Consider A = H; () Hs and suppose that A is a
maximal abelian subgroup of H;. Let G = (Hy, Hy) and let

J={(zv,—z): 2 €F,I{} <F, I ®F,I§ .

Then the F,G-module
_ Fplgl fast Fplﬁz
N J

is Dy, g-torsion-free and

dimeG M = dimIE‘le FPIHl + dimeHz ]Fp]HQ — 1.

Before giving the proof, we shall make an observation. If A is finitely torsion-
free abelian, as occurs in the previous proposition, then A = Z" and the universal
division IF,, A-ring of fractions is the field of fractions of the commutative domain F, A.
Given a nontrivial finitely generated ideal I = (aq,...,a,) of F,A, we see that the
Frac(IF, A)-vector space Frac(F,A) F®A I can be generated by any 1 ® a; with a; # 0.

p

In fact, if a; # 0, then 1®a; = a; a1 ®a; = a7 ' @a1a; = a; 'a; ® a1 = a;'a; (1®ay).
This implies that

dimg, 4 I = dimpyac(r,a) Frac(FpA) @ I = 1. (7.18)
FpA

Proof of proposition 7.6.8. We consider the [F,G-submodule of M defined by L =
(F,I§ @ F,I5)/J.

We want to apply lemma 7.6.4 to the short exact sequence 0 — L — M —
M/L — 0 of F,G-modules.

Since L = F,Ifj < TF,G, then it is Dg,¢-torsion-free and
dim]FpG L= dimeHg ]FpIHQ .

By the observation (7.18), 1 = dimg, 4 Fp/4 = dimg,¢ Fp]g = dimp,g J. So it is
clear, by lemma 7.6.3, that

dim[ppg M = dimﬂzp(; IFP]% + dimeG ]FpIEQ —1= dimIE‘le JFp]Hl + dimeH2 Fp]HQ —1.
On the other side, the quotient M/L is isomorphic to F,I§ /F,I§, which is
Dr,g-torsion-free by proposition 7.6.6. Again, by lemma 7.6.3,
dimg,¢ M/L = dimg, F,If;, — dimg,¢ F,I{ = dimg, g, Fplp, — 1.

Therefore, the short exact sequence 0 — L — M — M/L — 0 of F,G-modules
satisfies the requirements of lemma 7.6.4; and the conclusion follows. m
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We now turn to the study of torsion-free modules that have the form of an
augmentation ideal of a cyclic HNN extension.

Our point is to prove that certain augmentation ideals, which may have the form
Rm/R(Ul, Ce ,Um>

for some group ring R; are Dg-torsion-free. When extending this R-module with co-
efficients in a bigger ring, some u; may become invertible. The following elementary
lemma simply studies this scenario, which we shall encounter many times.

Lemma 7.6.9. Let R be a unital ring and M be a R-module. Let my € M and let
u be a unit of R. Then there is an isomorphism of R-modules

M@ R

— M
<m07 u)

given by
y([m,r]) =m — ru”tmy,

with inverse
v~ H(m) = [m,0].

We can now state the last proposition of this section. The proof is relatively long
and, for convenience, it is divided in several intermediate lemmas.

Proposition 7.6.10. Let H < G be subgroups of F. Suppose that we can write
G = N x (t) = (N,t) for some H < N < G and some t € G. Let u € H be
an element which generates a maximal abelian group (u) in H and suppose that
v =tut""' € H. Then the F,G-module M defined by

F,IS & F,G
F,G(v—1—tlu—1),v—1)

M =
is Dy, g-torsion-free.

Proof. Since G = N x (t), we can write F,G = F,N[t*! o] as a skew-polynomial
ring in one indeterminate ¢ with coefficients in F, N. Here o is an automorphism of
the ring Dg, v such that o(F,N)=TF,N, since it is induced from the automorphism
of conjugation-by-t in the subring F,N of F,G.

Lemma 7.6.11. Let R = Dy, n[t*,0]. Then R is a (right) Ore domain and its
(right) Ore division ring of fractions Qo.(R) is isomorphic to Dg, -
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To check this lemma, we start noting that R is a domain. In addition, by the
Hilbert’s basis theorem, the ring R is also Noetherian; and hence, by Little Goldie’s
theorem 7.1.4, R is an Ore domain. We want to compare the resulting Ore division
R-ring of fractions R — Qoye(R) with Dg . By corollary 7.5.4, we can identify Dy,
and Dy, i with the division closures of F,G and IF,, H, respectively, in [F,((G)). In this
setting, there is a natural monomorphism Dg,ny < Dr,¢. We want to extend this
to a monomorphism of rings R < D, . Observe that, as (F,G,F,H )-bimodules,
there is a canonical injection

R = DFPN[ti,O'] = FPG IF®N D]FpN — DFPG

according to lemma 7.5.7. In addition, we can observe that this map is a ring
homomorphism. So we have an ring monomorphism ¢ : R < Dg,g. Since D, is a
division ring, we have, by the universal property (7.5) of the embedding ¢ : R <
Qore(R), a commutative diagram of ring homomorphisms

R —"% Qore(R)

Nk (7.19)

*
D]FpGa

where ¢ and ¢4, are injective.

Moreover, R contains F,N[t*!, 0] = F,G, so v : R < Dy, is a division R-ring
of fractions. Arguing as in lemma 7.2.8, 7 Qore(R) — Dp, ¢ is an isomorphism of
R-rings. So lemma 7.6.11 is proven.

There is a division R-ring R < Dg,n((t*, 0)), where the latter is the ring of Skew

Laurent series. The universal property of Qu.(R) and the isomorphism Qoe(R) =
Dr,q of lemma 7.6.11 induces a commutative diagram of rings

Lore

R 4 Dy

\ 4{ (7.20)

DFPN«ti, O'))

In particular, we can upgrade this diagram to one of the following form

FPG > DFPN[til, O']

j j (7.21)

DFpG — DFPN((ti17 U))a
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where all the arrows are injective. This induces the following commutative diagram
of F,G-modules

ijg % DFPN[til,U] [ prg
F

JW s | (7.22)

D F.IG %D ¢+ F IG
FPGF(§G plg FpN(( 70))F(§)G plo

Lemma 7.6.12. The map 3 of the diagram (7.22) is injective.

We claim that both y and § are injective. On the one hand, the F,G-module F,I§
is a submodule of F,G, so it is Dy, g-torsion-free and v is injective. Furthermore,
Dy, n((t*, 0)) is a free right Dy, ¢-module, since Dy, is a division ring; so Dy, ¢ is a
direct summand of Dy, n((t*!, 0)) as a right F,G-module. Hence § is injective. Since
the diagram (eq. (7.22)) is commutative, 8 must be injective and lemma 7.6.12 is
proven.

We will now view this injective map [ in another diagram.

The commutative diagram of rings (7.21) induces the following commutative
diagram of F,G-modules

M —2 s Dp y[t 0] @ M

F,G
lﬁl [ (7.23)

Drc © M —2— Dg n((t*),0)) ® M
F,G F,G

Now let R be cither Dy, n[t*!, 0] or Dy, n((t*!,0)). Observe that

<RF®G]FPI§> OR N
>~ R D Y= N G
R ® M 7 R(U*l*t(ﬂ*l),’l}*l) 7 RF;@G IFPIH7

where both arrows are isomorphisms of F,-modules and + is given by lemma 7.6.9,
since v — 1 is invertible in Dy, and so also in R. We now integrate these isomor-
phisms v into the commutative diagram of (7.23) as follows.
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M — s D n[t*, 0] @ M —" Dy y[t*!, 0] @ F,If
P

F,G
b I s (7.24)

D M -2 Dp (! M 2= De y((H, F,I¢
50 8. N ( 70))&; w, v (( 0))F<§G wlh

We already know, from lemma 7.6.12, that [ is injective. So /3’ must be injective
since y; and v, are both isomorphisms.

We claim that o is also injective. If we proved this, then, by inspecting again the
commutative diagram (7.24), 7/ would also be injective and hence we could conclude
that M is Dy, g-torsion-free, as we want.

So it rests to prove the following lemma.

Lemma 7.6.13. The map o’ of the diagram (7.24) is injective.

We will prepare a bit the ground before checking this lemma.

By assumption, (u) is a maximal abelian subgroup of H. By corollary 7.6.7, the
F, N-module
F, I
- F,N(u—1)

is Dg,n-torsion-free. This implies that the canonical map

Mo

My — Dr,y ® My
FpN

is injective. This translates into the following equality of subsets of Dp,x ® F,I N
FpN

1 @ F,IN D —1)=1® F,N(u-—1). 7.25
]F(?NPHH FPNIF(?N(U ) ngp(u ) (7.25)

From this, we want to prove the following lemma. We denote H!" = t"Ht™",
which are also subgroups of N having (u!") as maximal abelian subgroup.

Lemma 7.6.14. For all n € Z, we have the following equality of subsets of Dg, y ®
FpN
Fylq,

1 @ Fpt"Iy (| Dr,v @ t"(w—1)=1 ® Ft"N(u—1). (7.26)
F,N F,N F,N
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The same way we had the equality (7.25), we can derive, for the same reasons,

N —
® Fpljin () De,n 2 ) (W -1 =1%F DN (it = 1), (7.27)

Fp,N

Notice that F,I¢ has a right (t)-module structure by multiplication. This induces
a right (t)-module structure on Dyp,nv @ Fplg. Since N <G, then ¢ normalises V.
FpN

We have the equations of subsets of Dp,y ® F,lg:
FpN

(1 ® F,N(u— 1)) t"=1QF,t"Nu" " —1),

FpN

and

—m

(1 ® IF,Jﬁ) " =1Q@F, t"-m(u’ " —1).
F,N

As a consequence, applying the multiplication-by-t" automorphism of Dy, y F(?NFPIG
to the equation (7.27); we get (7.26).
Notice the following decomposition of I, N-modules
F,lG = ®nez Fpt"1y,
which yields to the following decomposition of F,-vector spaces

De,ny ® Folf > ®nezDrv @ F,t"Iy.
FpN FpN
Lemma 7.6.15. We have the following equation of subsets of Dy, v & F,I5,
FpN

1F<§>NIE‘,,I§ N D]FPNF?NIFPG(U—l—t(u—l)) =1 ® F,Gv—1—t(u—1)). (7.28)

FpN

Let us take an element w that belongs to the left-hand side. This element will
have the form

T2
w = Z ¢ @t"(v —1—t(u—1)), for some ¢, € Dy,

k=nq
and will also belong to 1 ® F,I4. We rewrite
FpN

n2

w=cp Qt"(v—1)+ Z (ck @t (v —1) — g @t (u — 1)) + Cppy @ (u—1).
k=ni1+1
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Since w € 1 ® F,I%, we can look at the highest power "2 to deduce that
FpN

Cny @2 u—1) €1 8 F tt ) ﬂ Dy, N ® 2t (g — 1).
p P

By (7.26), this implies that

Cny @12 u—1) €1 F®N Ft™ " N(u — 1),
p

so ¢p, € F,N. Let ny +1 < k < ny. Inspecting again the expression of w at the
component with power t*, we have that

Gt —1) - @t (u—1) el @ Ft*I}.
FpN

p

If we knew that ¢, € F, )V, then it would follow that
o1 @t (u—1) €1 @ F I (\Devw © tF(u—1).
FpN FpN

By (7.26), this means that

1@t (u—1)€el @ Fyt"N(u—1),
FyN

and this implies that ¢, € F,N.

We have proven that if ¢, € F,N, for n; < k < ng, then ¢;_; € F,/N. Since we
also know that ¢,, € F,N, an inductive argument gives that ¢, € F,N for every k,
meaning that

+ — 1= — — — 1= -
wElF;X)NFpN[t ol (v—=1—1t(u—1)) 11F§)NFPG<U 1 —t(u—1)).

This proves that

g oI5 () De,v 3 F,Gv—1—tu—1)C1 ® F,Gv—1-tu—1)),

&
FyN
one inclusion of (7.28). The reverse inclusion is trivial, so equation (7.28) is proven.

Observe that there is a canonical isomorphism of F, N-modules

DIFPN[t:t, o‘] = DIE‘pN IF;X)N ]FpN[ti, o‘] = DpN IE‘(?N ]FPG

This extends to a canonical isomorphism of F, N-modules

D ti, ® F, IG D ® F. IG
F,N | U]FPG ol w2 Folii

(G

: — .
De,w[t.0] @ F,Go—1—tu—1)  Day ® F,Gv—1—tu—1)
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Lastly, there is a commutative triangle of canonical F, N-homomorphisms

Fpl§
Fp,G(v—1—t(u—1))

[ T2
D t£, F,IG
FpN | U}Fi@c plg W

D FoIG

X FpNFg@N rlH

D]FPN[ti#T] @ FPG(’U—l—t(’u—l)) ’ DJFPN ® ]FPG(v—l—t(u—l))’
FpG FpN

The canonical map 7 is injective due to (7.28). Since 1 is an isomorphism, this
implies that «” is injective. From the injectivity of «”, the injectivity of o/ follows
directly. In fact, let (z,y) € F,I§ ®F,G belong to the kernel of a. Then 1® (z,y) =
c(v—1—t(u—1),v—1) for some c € Dy,g. Notice that

1 = —1—tlu—1)) el @ F,IS( \Dr [t —1—t(u—1)).
®z=cQ (v (u—1)) Fi%pﬂﬂ | U]F(§G(” (u—1))

From the injectivity of o, this implies that
c®(v—1-tu—-1) el ® F,Glv—-1—t(u—-1)),
F,G

so ¢ € F,G and then (z,y) € F,G(v —1 —t(u —1),v — 1). Thus ¢ is injective and
lemma 7.6.13 is demonstrated. The proof of proposition 7.6.10 is complete. O]



Chapter 8

Homology and L2-Betti numbers

L2-Betti numbers have played an important role in the solution of many problems
in group theory. They were originally introduced by M. Atiyah in the context of
Riemannian manifolds in 1974. J. Dodziuk extended the notion of L?-Betti numbers
to free cocompact actions of discrete groups G on CW-complexes X in 1977. Later
on, in 1998, W. Liick extended this notion to arbitrary G-CW-complexes.

We shall not discuss here how these analytical and topological notions are de-
fined. We are more interested in the algebraic approach that P. Linnell [33] intro-
duced in 1993. If G is residually-(torsion-free nilpotent), we can combine Linnell’s
definition and a description of Dy, that is based on the work of A. Jaikin-Zapirain
and D. Lopez-Alvarez [28] to redefine the L2-Betti numbers as follows.

Let k > 0. We define the k-th L?-Betti number of G, denoted b,(f)(G), by
b7 (G) = dimp,,, Hy(G; Dge).

By analogy, we can define in characteristic p the k-th mod p L?-Betti number
of G as
,ICnOdp(G) = dimpﬂ,pc Hk(G, D]Fpg).

We are most interested in £7°*?(G) and we will later see how these numbers are

related to the computations of dimensions of the previous chapter.

First, we discuss how the most elementary version of Betti numbers can be used
to study discrete groups.

Definition 8.0.1. Given a finitely generated group G, its first Betti number is

b(G) = dimg (G/[G.G]) © Q.

99



100 CHAPTER 8. HOMOLOGY AND L*-BETTI NUMBERS

If G is finitely generated, we understand very well the dimension of the previous
Q-vector space. Since G/[G,G] is a finitely generated abelian group, it must have
the form Z" @ T, where T is finite (the torsion subgroup). Tensoring by Q forgets
about the torsion part of the Z-module G/|G, G, so

(EADEDELE

In particular, r = by (G). Interestingly, one can find b, (G) just by looking at certain
finite quotients of G.

Lemma 8.0.2. Let GG be finitely generated and let p be a prime. Then b (G) is the
biggest m such that G surjects (C,r)™ for every k > 1.

We will see how one can exploit this observation to estimate Betti numbers of
dense subgroups of free pro-p groups. Later, this will have consequences for the first
L?-Betti number of a parafree group.

Lemma 8.0.3. Let G and G’ be finitely generated and let p be a prime. If there is
a group homomorphism % : G — G7 of dense image, then by (G) > b1(G').

Proof. Let m = b1(G’). Recall that, given a finite p-group, there is a correspondence
(4.4) between the epimorphisms G' — P and the epimorphisms G; — P; given
by f + f. Similarly, given any epimorphism ¢ : G% — P, there is an epimorphism
gof:G — P. This is because P is finite, g is continuous and f(G) is dense in G,

Therefore, every finite p-quotient of G’ is also a finite p-quotient of G’; hence
b1(G) > b1(G’) by lemma 8.0.2. O

In particular, the first Betti number is a pro-p invariant.

Corollary 8.0.4. If G and G’ are finitely generated and Gz = G, then b (G) =
bi(G").

8.1 Estimations and computations of ng)(G)

In order to compute the L2-Betti numbers of a finitely presented residually finite
group, it suffices to have information about the Betti numbers of its finite-index
subgroups. This is precised by the following important result of Liick [37].

Theorem 8.1.1 (Liick’s Approximation Theorem). Let G be finitely presented and

let G =Ny > Ny >---> N, > ... be a sequence of finite-index normal subgroups
with (,, Nm = 1. Then
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A favourable family of groups for which we can estimate or compute their L>2-
Betti numbers are residually finite groups for which we have some structural infor-
mation of their finite-index subgroups in relation to their index. This is the case
of fundamental groups of some topological spaces, such as free groups and surface
groups.

Example 8.1.2 (First L?-Betti numbers of surface groups). Finitely generated free
groups F,, have b§2)(Fn) =n—1. If S is a closed surface of genus g > 1, then

b (m(S)) = —x(S) = 29 — 2.

We will use Liick’s approximation theorem to verify this. The case of F;, follows
from Schreier’s index-rank formula (theorem 2.0.1) and the fact that a by (Fy) = k
for every k > 1. Let F,, = Ny > Ny > --- > N,, > ... be a sequence of finite-
index normal subgroups with [, N,, = 1. The existence of this chain is ensured by
because F), is residually finite. By theorem 8.1.1,

14+ |F,: Nyl(n—1
LB Nl = 1)

= s —1.

Let S be a closed orientable surface. As we verified in remark 2.1.2, if S is orientable,
then by (m1(S)) = 2—x(S5), and, if S is non-orientable, then by (7 (S5)) =1 — x(5)/2.
The computation of their b§2) is analogous and we only precise the case when S
is orientable. Let m(S) = Ny > Ny > --- > N,, > ... be a sequence of finite-
index normal subgroups with [, N,, = 1. The existence of this chain is ensured by
proposition 2.1.4. By theorem 2.1.3, b1 (N,,) = 2 — |m1(S) : Nyu|x(S), so

b))
p'2 -1 _VIm)
) = Sy Nl e T [m(s)

=—x(5) =29 -2
We have also used that |m(S) : N,,| — oo because m1(S) is infinite.

In the previous example we saw the relation between the Euler characteristic of
a surface and the first L2-Betti number of its fundamental group. This relation is
extended to one-relator groups and surface-plus-one-relation groups by Dicks and
Linnell [14]|. The Euler characteristic also appears in the computation of the first
L?-Betti numbers of compact 3-manifold groups [34]. As opposed to the case of
surface groups, their first L2-Betti numbers are not typically nonzero.

In the case of finitely generated groups that a priori are not finitely presented, one
can still estimate its first L2-Betti number in a similar way as Liick’s approximation
theorem. The following is a result of Liick and Osin [38].
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Theorem 8.1.3. Let G be finitely generated and let G = Ny > Ny > -+ > N, > ...
be a sequence of finite-index normal subgroups with (1, N, = 1. Then

. b1(Nm) @)
1 ) < @),
msup e S0 (@)

In order to understand finitely generated normal subgroups of parafree groups,
we will also use the following theorem from of Gaborian [18, Theorem 6.8].

Theorem 8.1.4. Suppose that
I1-N—-G—>G —1

is an exact sequence of groups where N and G’ are infinite. If ng)(N) < 00, then
b(G) = 0.

The following result is due to Bridson and Reid [7, Proposition 7.5].

Proposition 8.1.5. Let GG be a finitely generated group and let F' be a finitely
presented group that is residually-p for some prime (p Suppose that there is an
embedding G — F; of dense image. Then b(G) > b (F)

This is proven by estimating b§2)(F ) and b§2)(G) with Liick approximations’ of
theorems 8.1.1 and 8.1.3, respectively.

In particular, the first L2-Betti number is a pro-p invariant among finitely pre-
sented residually-p groups.

Corollary 8.1.6. Let G and G’ be finitely presented residually-p groups such that
G52 G%. Then b7 (G) = b? ().

Before proving proposition 8.1.5, we make a few observations about the pro-p
topology.

In general, given abstract groups A < I'; it may not happen that the canonical
map Ay — AC I'5 is an isomorphism. We will implicitly search for this favourable
scenario during chapter 9. For the moment, we can give a simpler sufficient criterion
to ensure that it holds.

Lemma 8.1.7. Let A — I' be an inclusion of abstract groups, where A has finite
p-power index in I'. Then the canonical map Ay — I'; is injective. In other words,
by denoting ¢ : I' — I's, the canonical map Ay — 15(A) < I'; is an isomorphism
of pro-p groups.
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Proof. By [43, Proposition 3.2.6], the conclusion of this lemma holds exactly when
the pro-p topology of I' induces the pro-p topology on its subspace A. In addition,
by [43, Lemma 3.1.4(a)|, the previous condition is ensured if A has p-power index
in I. O

This observation can be used to compare first L?-Betti numbers of abstract
groups with the rank of their pro-p completions.

Proof of proposition 8.1.5. Since F' is finitely generated, for every integer D > 1
there are only a finite number of subgroups of F' of index at most D. Let F(d)
denote the intersection of all normal subgroups of F' with p-power index at most
p?. Alternatively, F'(d) is the finite intersection of all kernels of surjective maps
F — P for any finite p-group of order at most p?. By the correspondence discussed
in eq. (4.4), it is clear that the closure F(d) of F(d) in Fj is equal to the finite
intersection of all the open normal subgroups of Fj; (here we have implicitly used
the fact that XY = XY for p-power index subgroups of F'). In particular,

each F'(d) has finite index in F" and (), F'(d) = {1}.

We introduce G(d) = G F(d), which does also verify that (), G(d) = {1}. The

canonical map G — F;/F(d) has dense image so it is surjective. By the choice of
G(d), it factors through an isomorphism G/G(d) — F3/F(d). On the other side,
the canonical maps F/F(d) — (F/F(d)); — F3/F(d) are isomorphisms since

F/F(d) is a finite p-groups. This results in the equalities

|G :G(d)| = |F;: F(d)| = |F : F(d)|.
By lemma 8.1.7, the canonical map F(d); — F(d) C Fj is an isomorphism of

pro-p groups. Since G is dense in Fj, then G(d) is dense in F(d) = F(d)p, so
b1(G(d)) > by(F(d)) for all d > 1 by lemma 8.0.3.

Lastly, we can compare ng)(F ) and ng)(G) by using the sequences {F'(d)}4 and
{G(d)}4 by means of theorem 8.1.1 and proposition 8.1.5. Notice that

(2) - h(G(d) .. h(F(d)
b,” (G) Zhglsgpm Zhglsogpm—bl (F). O

We mentioned in the introduction that b (G) = dimp,, H,(G; Dge). The group
ring QG of zero characteristic admits some analytical tools that are not available in
the regime of positive characteristic. However, for our purposes, we prefer a priori
to work with mod-p L? Betti numbers 57°'? instead of b§2). Our group G of study is
a subgroup G' < F of a finitely generated free pro-p group. As such, the ring Dr ¢
has other favourable properties in comparison to Dgg; since it lies inside Dy, [y
Still, for parafree groups, L2-Betti numbers do not depend on the characteristic.
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8.2 The mod-p version of L>-Betti numbers 5]°°?(G)

Here we briefly describe the mod-p analogue of the approximation results of L2-Betti
numbers that were described in the previous section.

Proposition 8.2.1 (Mod-p analogue of the Liick approximation theorem). Let F
be a finitely generated free pro-p group and let G be a finitely generated subgroup
of F of type F' P, for some k > 1. Let F = N; > Ny > ... be a chain of open normal
subgroups of F with trivial intersection. Define G; = G| N;. Then

mo . dim[g‘p Hk(G,F )
i dp(G) — jhj?o |G : G|J p
M

In particular, if G is finitely generated, then

1%(G) = dimg,¢ Fple — 1.

Proof. 1f G is of type F Py, there exists a resolution of trivial F,G-module I, of the

form

0 — Ry — F,[G]"™ EISEN N F,[G]" — F, — 0,

where n; are non-negative integers and Ry, is a finitely generated F,G-module. In
order to compute the homology groups Hy (G, *), we isolate the short exact sequence

0 — Ry — F,[G]" L im f — 0.
In these terms, we can write
dimg,¢ Hy(G; Dr,¢) = dimp,q Ry — nj—1 + dimp, g im f,
and, similarly,

dimg, H,(G;; Fp) = dimg, (F, F@é Ry) — np—1|G : G| + dimg, (F, F@é. im f).

g P~J

Putting these pieces together with proposition 7.5.9 directly leads to the desired
conclusion. O

Corollary 8.2.2. Let G be a finitely generated dense group of a finitely generated
free pro-p group F. Then we have that 57°*?(G) + 1 > d(F). Moreover, if G is
parafree then S7°%P(G) + 1 > d(Gj).
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Proof. Let F = N; > Ny > ... be a chain of open normal subgroups of F with
trivial intersection. Define G; = G'(|Nj. It is clear that the closure of G; in F is
N; and that |G : G;| = |F : N;|. As a consequence, the natural map

G;/GY[Gy, Gj] — N; /N[N, Ny (8.1)

has dense image. Since the p-abelianisation of N; is finite, the space N,/ N‘? [IN;, Nj]
is discrete and we deduce that the previous map is surjective.

We know view F as the pro-p completion of a free group F' of rank d(F) and we
consider the embedding F' — F. We define F; = F'[|IN,. Arguing as before, N, are
the closure of F; and |F : Fj| = |F : N,|. Since F; has p-power index in F, we can
apply lemma 8.1.7 to deduce that the canonical map (F;); — N; is an isomorphism
of pro-p groups. Hence, by Schreier’s index-rank formula (theorem 2.0.1), Nj; is a
free pro-p group of rank

d(N;) =d(F;) = (d(F) = 1|F : Fj|+ 1= (d(F) = 1)|F : N;| + 1.
Then we obtain that
dimFP Hl(G]‘; Fp) = logp |Gj : G?[GJ, G]H 2 logp |Nj, Nf[N], N]” = d(N])
—(d(F) — DIF : N;| + 1 = (d(F) — |G : G| + L.
Thus, by proposition 8.2.1, we obtain that
(@) > d(F) - 1.

Lastly, if G is parafree, then G} is free by proposition 5.2.2 and we study the
canonical embedding G — G5. In this case, by lemma 8.1.7, the canonical map
(Gj)7 — N, is an isomorphism. By eq. (4.6), the surjective map of (8.1) is actually
an isomorphism. Re-doing the previous computations would lead to the equation

7 (G) = d(F) — 1. O

We conclude this chapter by writing down an explicit relation between several
quantities that contain algebraic and topological information of parafree groups.

Corollary 8.2.3. Let I" be a finitely generated parafree group. Then
dimp, . Fplr = B7°P(0) + 1 = b (1) + 1 = 1y (G) = d(T'p).

Proof. Since Ty, is torsion-free, we know by proposition 4.0.7, proposition 4.0.8 and
eq. (4.6); that

ran(T) = dimg, /[T, TJT? = dimg, T5/®(T) = d(T).
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This is the last equality of the statement. The first equation is a consequence
of proposition 8.2.1. Furthermore, by corollary 8.2.2, f7**®(I') = d(I'p) — 1. In
addition, ™**(I") > b’ (') by proposition 8.2.1 and [17, Theorem 1.6]. Lastly,
ng)(F) > d(fﬁ) — 1 by proposition 8.1.5,. The conclusion follows. O



Chapter 9

Embbedings into free pro-p groups

In this section we detail a method for ensuring that a map from an abstract group
G to a free pro-p group is injective. We are particularly interested in the problem
of producing families of parafree groups. Let G' be a candidate to being parafree,
meaning that Gy is free for every prime p. We want to study whether the canonical

map G' — Gj is an embedding for some suitable prime p. This would establish the
residual nilpotence of G and we could conclude that G is parafree.

An important fact that underlies the statement is that subgroups G of free pro-
p groups F are residually torsion-free nilpotent and hence F,G admits a universal
division ring of fractions Dy, q.

Theorem 9.0.1 (Tool for constructing pro-p embeddings). Let G be a finitely gen-
erated abstract group, let ¥ be a finitely generated free pro-p group and let ¢ : G — F
be a group homomorphism. Suppose that we have the following conditions.

1. The image G = ¢(G) is dense in F.
2. The Fp,G-module F,G ® F,lz is a Dg,g-torsion-free module of dimension
FpG
d(F).

3. The kernel of ¢ is free.
Then the map ¢ is an embedding.
Proof. We will prove that the surjective map ¢ : G — G verifies the assumption of
lemma 6.3.1 to deduce that ker ¢ has trivial p-abelianisation. Since ker ¢ is free, the

latter would imply that ker ¢ = 1 and the conclusion would follow.

107
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It is clear that the natural homomorphism of F,G-modules
F,G @ F,Iz — F,lg,
FpG

defined by a®b +— ¢(a)b, is surjective. If it was not injective, then, naming its kernel
by L and naming M = F,Iz ® F,G, we would deduce, after applying lemma 7.6.3,

]Fp
that
d(F) = dimDFpG M > dimDFpg(M/L) = dimprG (]Fplg)
This would contradict corollary 8.2.2. O

In the setting of our problem, that is, taking some G with free pro-p completion
and studying whether G — Gj is injective, we make a few comments about the

three conditions of theorem 9.0.1. We take G to be the image of G inside éﬁ.

1. The first condition will be naturally ensured.

2. The second condition will require to handle an augmentation ideal with tools
from section 6.2. Establishing torsion-freeness is the hardest part and requires
the most technical arguments, mostly from sections 4.4 and 7.

3. The third condition is natural from the point of view of Bass-Serre theory. If
we take some free construction G meaning that G is the fundamental group of
a graph of groups, and we ensure ker ¢ intersects trivially every vertex group,
then the ker ¢ will necessarily be free.

We will use this theorem to construct families of parafree groups in subsequent
sections by iterations of amalgamated products and HNN extensions. These sources
of examples will include the examples of parafree groups G, ;, H; j, K; j, Npq,» de-
scribed in definition 5.1.1.

9.1 Amalgamated products

The following statement describes exactly under which circumstances an amalga-
mated product of finitely generated groups with abelian amalgams is parafree.

Theorem 9.1.1 (Parafreeness of amalgamated products with cychc amal-
gams). Let H1 and H2 be finitely generated groups. Let 1 # uy € H1 and let
1#uy € Hg. Consider the following amalgamated product of cyclic amalgam
- —~  Hy*H,
G = H1 * H2 = 1+ 742

wlie 0 ()
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Then G is parafree if and only if the three following conditions hold:

1. The groups H, and Hy are parafree.

2. The element ujuy* of]-z * Ef; 18 not a proper power in the abelianisation.

3. There is at least one i € {1,2} such that u; is not a proper power in E
In this case, G is parafree of abelian rank Tab(E) - rab(}/};) — 1.
Proof. We first observe that both conditions are necessary.

1. Let us suppose that G is parafree. Since both j{vl and E are subgroups of
G, then they are residually nilpotent. In order to prove that they are, in fact,
parafree, it would suffice to show, by proposition 5.2.2, that H;j; is pro-p free
for all primes p. By construction, it is clear that

4 (G/Gr (G, ) = d (Hy/H [y, 1) + d (Ho/ " (1o, 1) ~ 1.
So, by the equation (4.6),
d(Gp) > d(Hyp) + d(Hap) — 1. (9.1)

By proposmon 5.2.2, Gp is a free pro-p group. Consider the canonical map
¢:G — G which is injective, and name H; = gb(Hl) and Hy = gb(Hg)
By corollary 4.5.8, H, and NHQ are free pro-p groups. There is a canonical
continuous homomorphism H;; — H;, which is clearly surjective. From this,
it follows that .

d(Hiz) > d(H;), forie {1,2}. (9.2)

If we managed to prove that

d(H;z) = d(H;), for i€ {1,2}, (9.3)

then we would conclude, by corollary 4.2.6, that Eﬁ is free, as we want. By
the universal property (4.10) of the coproduct, there is a continuous homo-
morphism

f:EHE—)éﬁ

which sends H; to each corresponding copy in éﬁ. Notice that im f contains
both H; and H,, so ¢(G) < im f, implying that f is surjective. In addition,
f has non-trivial kernel since ¢(u;) # 1 in H; and f(¢(u1)p(ug)™t) =1 in Gp.
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Here we have used that the canonical map ¢ : Hy % Hy, — EHE is injective
(see proposition 4.2.9).

This verifies that f is a non-injective and surjective map onto a free pro-p
group. Hence, by corollary 4.2.6 and proposition 4.2.10,

A(y) + d(Th) = d (L [ 1) > d(G).
The previous inequality together with (9.1) and (9.2) directly imply (9.3).

2. If the second condition did not hold then the abelianisation of G would not be
torsion-free.

3. Lastly, suppose that u; = v{* in Hy, and that us = vy? in Hy; with min{|ny|, [na|} >
2. Since u; # 1 and H; is torsion-free, then v; ¢ (u;). By corollary 3.0.5,

[v1,v2] = vy Yoy twyvy # 1.

Then the two-generated subgroup (tvit=!, vs) of G would not be free because
[toit™! vy] # 1 and (tvyt~')™ = vi?. By proposition 5.3.5, we deduce G is not
parafree.

We now verify that the three given conditions are sufficient.
There is a canonical isomorphism
G Hiqa, @ Haap
R e

Uy — U2

From the fact that u; —us is not a proper power in éab, we see that éab is torsion-free
of rank 7., (Hy) + 7ran(H2) — 1. By (4.6), we rephrase this as

d(Gp) = d(Hyz) + d(Hap) — 1.

Let us fix an arbitrary prime p from this point on. Since uju,' is not a proper
power in Gy, at least one of u; or us, say wu;; is primitive in the p-abelianisation
G/GP|G,G].

Consider the canonical map ¢ : G — éﬁ.

Lemma 9.1.2. The pro-p group éﬁ is free and the element ¢(u;) is primitive in éﬁ.
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To prove this lemma, we name I' = H; * Hy and we consider the canonical
commutative diagram

—— 1% Hip 11 Hop

l l | (9.4)

L/TP[0,T] —— T;/® (T;) —— Hyp/® (Eﬁ) & Hap/® (ﬁm) :

with isomorphisms marked with 2. The isomorphism in blue is proven in (4.6); the
green one, in proposition 4.3.4; and the red one, in corollary 4.2.11.

By the choice of u;, {uju;', u;} are F,-independent in T'/TP[I", T']. This implies
that the pair {¢(u1)¢(us)™", ¢(u;)} is primitive in I'5/® (I'5). So the latter pair is
part of a set of free generators of I'; by corollary 4.2.5.

From corollary 4.3.5, we know there is a canonical isomorphism of pro-p groups

So éﬁ is a free pro-p group and ¢(u;) is primitive in éﬁ. The lemma 9.1.2 is proven.

Lemma 9.1.3. The restrictions of ¢ to each E are injective.

To check this lemma, we consider each restriction
¢i = ¢lg - Hi — Hi,

where H; = (b(j-lvz) The subgroups H; and H, of the free pro-p group éﬁ are
closed. Hence they both are free pro-p groups by corollary 4.5.8. Since the induced
¢iz « Hip — H; are surjective maps of free pro-p groups, then, by corollary 4.2.6,

—_—
i

d(H;3) > d(H;), for all i € {1,2}. (9.5)

Furthermore, by the universal property (4.10) of the coproduct, there is a continuous
homomorphism

f:EHEHéﬁ

which sends H; to each corresponding copy in éﬁ. Notice that im f contains both
Hy and Hy, so G < im f, implying that f is surjective. In addition, f has non-trivial
kernel since ¢(u;) # 1 in H; and f(¢(u1)¢(uz)™') = 1 in Gp. Here we have used
that the canonical map ¢ : Hy * Hy — H; [[ Hy is injective (see proposition 4.2.9).
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This verifies that f is a non-injective and surjective map onto a free pro-p group.
Hence, by corollary 4.2.6 and proposition 4.2.10,

A() + d() = d (T [[ ) > d(Gy) = d(Hg) + d(Hap) 1.
The previous inequality together with (9.5) imply that

d(H;3) = d(H;) for all i € {1,2}.

We now look at the commutative diagram of canonical arrows

T

’U>

The map ¢;; is a continuous surjection between finitely generated free pro-p groups

of the same rank, so it is an isomorphism by corollary 4.2.6. Moreover, each Hi is
parafree, so ¢5 is injective, too. From this, we deduce that the surjective maps ¢;
are also injective and lemma 9.1.3 is proven.

Lemma 9.1.4. The map ¢ : G — CNJﬁ is injective.

We denote G = QS(CN}) We want to apply theorem 9.0.1 to the map ¢ : G —» G.
On the one hand, notice that the kernel of ¢ intersects trivially the amalgam (u) of

é, so, by corollary 3.0.6, the kernel is free.

We consider the corresponding F,G-module

M =F,G ® F,I.

FpG

Consider A = (¢(uq)) and
J={(z,—z) 2 €FIF} <F,If ®F,If .

Then, by theorem 6.2.8,

Fplg1 ® FPII%

M
J

1%
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Without loss of generality, we suppose that wu; is not a proper power in i[:
Recall that ¢; : H; — H; is an isomorphism, so H; is parafree and ¢(uq) is not a

proper power in H;. By proposition 5.3.5, A = (u;) is a maximal abelian subgroup
of Hl-

By proposition 7.6.8, M is Dy, g-torsion-free with dimension
dimFPG M = dimeHl IFpIHl + dimeHQ Fp]H2 — 1.
In addition, by corollary 8.2.3,

dimIF‘le Fp]Hl + dimeHz FpIH2 —1= d(Hlﬁ) + d(HzI’;) —1= d(éﬁ)

It follows that dimp,q M = d(Gp).

We have verified the conditions of theorem 9.0.1 for the homomorphism ¢ : G —
G C Gp. So lemma 9.1.4 is proven and G is residually nilpotent. We already know
that each G is free so, by proposition 5.2.2, GG is parafree. ]

9.2 HNN extensions

The following result does not entirely describe which cyclic HNN extensions are
parafree, as in the case of amalgamated products, though it significantly reduces
the complexity of the conditions to be verified.

Theorem 9.2.1 (Parafreeness of cyclic HNN extensions). Let H be a finitely
generated group. Let u,v € H \ {1}. Consider the following cyclic HNN extension
of H

5 e — H (t)
G= H<u>  {(tut=lw1))

Then G is parafree if and only if the four following conditions hold:
1. The group H is parafree.
2. The image of uv™" is not a proper power in f:_fab.
3. At least one of u or v is not a proper power in H.

4. The image of u is non-trivial in some finite nilpotent quotient of G.

In this case, G is parafree of the same abelian rank as H.
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Proof. The given conditions are necessary.

1. Let us suppose that G is parafree. Since His a subgroup of é, then it is
residually nilpotent. In order to prove that it is parafree, it would suffice
to show, by proposition 5.2.2, that Hj is pro-p free for all primes p. By
construction, it is clear that

1(G/C»1G.@) > a (/A [, 1))

So, by the equation (4.6),

d(Gp) > d(Hjp). (9.6)
By proposition 5.2.2, éﬁ is a free pro-p group. Consider the canonical map
¢ : G — G, which is injective, and name H = ¢(H). By corollary 4.5.8, H
is a pro-p group. There is a canonical continuous homomorphism Hy — H,
which is clearly surjective. From this, it follows that

d(Hp) > d(H). (9.7)
If we managed to prove that
d(Hp) = d(H), (9.8)

then we would conclude, by corollary 4.2.6, that f[ﬁ is free, as we want. By
the universal property (4.10) of the coproduct, there is a continuous homo-
morphism

fu]]z, — G;

which sends H to its corresponding copy in éﬁ and Z, to the cyclic pro-p
group generated by ¢(¢). Notice that im f contains both H and (¢(t)), so
gzﬁ(é) < im f, implying that f is surjective. In addition, f has non-trivial
kernel since ¢(u;) # 1 in H and f(o(t)(u1)d(t) té(uz)™t) = 1 in éﬁ. Here

we have used that the canonical map ¢ : H * Z, — H][Z, is injective (see
proposition 4.2.9).

This verifies that f is a non-injective and surjective map onto a free pro-p
group. Hence, by corollary 4.2.6 and proposition 4.2.10,

dH) +1=d (ﬁ]_[zp) > d(Gy).

The previous inequality together with (9.6) and (9.7) directly imply (9.8).
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2. If the first condition did not hold then the abelianisation of G would not be
torsion-free.

3. Secondly, suppose that v = w™ in f{vl, and that v = wy? in ]TI;; with

min{|ny|, [n2|} > 2. Since u,v # 1 and H, is torsion-free, then w, ¢ (u)
and wq ¢ (v). By corollary 3.0.9,

[twit ™! wo] = twy, 1t twy Mtwt wy # 1.

Then the two-generated subgroup (tw;t™!, ws) of G would not be free because
[twit™! ws] # 1 and (twt~1)™ = wh?. By proposition 5.3.5, we would deduce
that G is not parafree.

4. If G were parafree then it would be residually-p; hence G — éﬁ would be an
embedding and « would not have trivial image in Gj.

We are going to verify that these conditions are sufficient for G to be parafree.

First of all, it is clear that

From the fact that « — v is not a proper power in f[ab, we see that G is torsion-free
of the same rank as H. By (4.6), we rephrase this as

d(Gp) = d(Hp).
In addition, we also see that ¢ is primitive in éab. Let us fix an arbitrary prime p.

Consider the canonical map ¢ : G — éﬁ.

Lemma 9.2.2. The pro-p group éﬁ is free and the element ¢() is primitive in éﬁ.

To prove this lemma, we name I' = H * (t) and we consider the canonical
commutative diagram

— 15 Hp 112,

J l | (9.9)

D/IP[0,T) == T5/® (1) —— Hy/@ () &2/p,

with isomorphisms marked with 2. The isomorphism in blue is proven in (4.6);
the green one, in proposition 4.3.4; and the red one, in corollary 4.2.11. The pair
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{p(tut=*v™1), ¢(t)} is are F,-linearly independent in T'/T?[T',T]. So this pair is also
primitive in I';/®(I'5). By corollary 4.2.5, they are part of a set of free generators
of F:;;.

By proposition 4.3.1, we see that there is a canonical isomorphism
Gy = Hy [[ 2, / ((tut=to=1)),

where the generator of Z, has been denoted by t. So éf, is free; ¢(t) is part of a
topological generating set; and lemma 9.2.2 is proven.

We name H = ¢(H).

Lemma 9.2.3. The restriction of ¢ to His injective.

To verify this, consider the closed subgroup H < CNJI/;. Since éﬁ is free, the
pro-p group H must be free by corollary 4.5.8. We notice that the epimorphism
¢ : H — H induces a continuous epimorphism ¢5 : H; — H. In particular, by
corollary 4.2.6, that

d(Hp) > d(H). (9.10)

Furthermore, by the universal property (4.10) of the coproduct, there is a continuous
homomorphism

fH][Z, — G5

which sends H to 6’5, by inclusion; and Z, to the cyclic pro-p group generated by
¢(t). Since the image of f contains both H and ¢(t), it follows that im f con-
tains gb(é), so f must be a surjective. In addition, it has a nontrivial kernel; since
d(t)p(u)p(t)tp(v)™! = 1 and ¢(u) # 1, by assumption. Here we have used that
the canonical map ¢ : H * Z, — H [[Z, is injective (see proposition 4.2.9).

This verifies that f is a non-injective and surjective continuous homomorphism
onto a free pro-p group. Hence, by corollary 4.2.6 and proposition 4.2.10,

d(H) +1=d(H) +d(Z,) = d (F]_[Zp) > d(Gj).

This, in addition to (9.10), implies that d(flﬁ) =d(H). So ¢5: flﬁ — H is a contin-
uous epimorphism between free pro-p groups of the same rank. By corollary 4.2.6,
this restriction ¢5|7 must be an isomorphism.
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Looking at the commutative diagram

we observe that ¢ : H— H is injective. This is because ¢5|7 is injective, as we
just proved; and 5 is injective, due to H being parafree.

The verification of lemma 9.2.3 is complete.

Lemma 9.2.4. The map ¢ : G — éﬁ is injective.

We denote G = gb(é) We want to apply theorem 9.0.1 to the map ¢ : G —
G C Gp. We already know, from lemma 9.2.2, that G is free. We already On the

one hand, notice that the kernel of ¢ intersects trivially the subgroup (u) of G. By
corollary 3.0.12, the kernel is free.

By corollary 4.2.5, we can pick a set {as,...,a,} of n — 1 elements of H such
that

{0(1), #az), ..., p(an)}

is a set of free topological generators of CN}';;. We define a continuous homomorphism
q: G5 —> 7Z, such that ¢(¢(t)) = 1; and ¢(¢(a)) = 0 if 2 < k < n. The restriction
q|¢ verifies that its its kernel ker g|¢ contains H. This is because {¢(as), . .., d(a,)}
belong to the kernel of ¢; and they generate H modulo [H, H|. In addition, t ¢
ker q|¢, by construction. Since G/ ker q|¢ = Z™ for some m > 1, we can take N G
such that ker¢l¢ < N, G/N = Z and G = (N,t) = N x ().

We now consider the F,G-module

M =TF,G ® F,lz.
FpG

By corollary 6.2.10, this F,G-module is isomorphic to

F,IG & F,G
FpG (9(v) =1 = ¢(1)(d(u) — 1), ¢(v) — 1)

M

1%

Without loss of generality, we suppose that u is not a proper power in H. Since
¢ : H — H is an isomorphism, H is parafree and ¢(u) is not a proper power in H.
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From proposition 5.3.5, we deduce that that (¢(u)) is a maximal abelian subgroup
of H. By proposition 7.6.10, this implies that M is Dy, g-torsion-free.

Using lemma 7.6.9, we have the following isomorphisms of Dp,g-modules
Dr,c @ M ~Dp g ® Flf ¥ Dp,¢ ® Foly X Drc ® (DFPH ® IE‘pIH> :
FpG FpG FpH Dy, i FpH

Combining these isomorphisms with corollary 8.2.3, yields to

dimg, ¢ M = dimg, 5 F, Iy = d(Hz) = d(G5).

We have verified the conditions of theorem 9.0.1 for the homomorphism ¢ : G —
G C GA So lemma 9.2.4 is proven and G is residually nllpotent We already know

that very pro-p completion GA is free; so, by proposition 5.2.2, G is parafree. O

In the case of amalgamated products (theorem 9.1.1), we could explicitly describe
when the resulting group would be parafree. However, in the case of the HNN
extensions treated in theorem 9.2.1, we gave a characterisation whose last condition
(the image of u being non-trivial in some finite nilpotent quotient) can be hard to
check. Our last result will get rid of this condition in the case when the starting
group H has abelian rank equal to 2.

Corollary 9.2.5 (Parafreeness of cyclic HNN extensions of groups with
abelian rank 2). Let H be a finitely generated group of abelian rank 2. Let
u,v € H\ {1}. Consider the following cyclic HNN extension of H

A M)
¢= H(u) ~ {(tut=lv=1))’

Then G is parafree if and only if the four following conditions hold:

1. The group H is parafree.

1is not a proper power in H,y.

2. The image of uv™
3. At least one of uw or v is not a proper power in H.

4. The images of u and v generate a subgroup isomorphic to Z? in f[ab.

In this case, G is parafree of abelian rank 2.
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Proof. 1t is not hard to see that the four given conditions imply the conditions of
theorem 9.2.1. In fact, under these assumptions, the image of u is primitive in all
the pro-p completions of G.

In order to prove that they are necessary, let us suppose that G is parafree. By
theorem 9.2.1, (1), (2) and (3) hold. We assume that (4) does not hold. Then, by
(2), the image of uv~! in H generates a subgroup which contains both v and v. So
there exists ¢ € Z such that u = (uv™')¢ mod [ITI ﬁ]] In addition, since ];P is free
of rank 2 and the image of uv=! is primitive in H;g, we can denote by N the closed
normal subgroup generated by wv™! in HA and observe that HA/N = 7Z, because

~1 has primitive image in H,,. Thus [H, H] C N and u € N.

Denote by N7 the closed normal subgroup of Gﬁ generated by uv~!. Thenu € N,
by the previous argument. Now observe that uv™' = [u~!,t71]. We are going to
verify that u € N, %éA = {1}. This would result in the contradiction u = 1,
finishing the proof. We proceed inductively to check the claim. The base of the
induction is trivial because u € 7G5 = Gp. If u € ”yka, then uv=?t € [’Yka, G» 5 =
kaGA Since vaA is a closed normal subgroup of Gp, then N; C 7k+1GA and hence
u € 7k+1Gp, completing the inductive step. m

9.3 General fundamental groups

There is a way to extend our results characterising parafree amalgamated products
and HNN extensions for more general fundamental groups.

Corollary 9.3.1 (Corollary 1.4 of [29]). Let (G,T") be a graph of groups over a finite
graph T" whose edge morphisms are injective. Let W = (G, T") be its fundamental
group. Assume that all vertex subgroups G(v) (v € V(I')) are finitely generated and
all edge subgroups G(e) (e € E(I")) are cyclic. Then W is parafree if and only if the
following four conditions hold.

1. All the vertex subgroups G(v) (v € V(I')) are parafree.

2. The abelianisation of W is torsion-free of rank

(W)= 3 r(G) = 3 ran(G(e) — x(D),

veV (D) ecE(T)
where x(I') = [V(I')| — [E(I)-1

3. All the centralisers of non-trivial elements in W are cyclic.
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4. For each non-trivial edge subgroup of G(e) (e € E(I")) there is a finite nilpotent
quotient of W where the image of this edge subgroup is non-trivial.
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